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Class 1

Logic
Statements

Definition 1. A claim, statement, or proposition is a sentence that is true (T) or false (F).

Negation

Definition 2. A claim, statement or proposition which is modified by the word “not” is called
the negation of the original statement.

P | not(P)
T F
F T

Conjuction

The word “and” is used to join two statements which is called the conjunction of the two
statements.

P Q|PandQ
T T T
T F F
F T F
F F F

Disjunction

A statement formed by connecting two statements with the word “or” is called the dis-
junction of the two statements. “or” is used in the inclusive sense.

AorB

oo A
Mo 3| o
a8

Conditional

From two statements P and Q, we may construct one of the form “If P, then Q ”; this is
called a conditional statement and denoted by “P —Q ”.

P Q| P=Q
T T T
T F F
F T T
F F T
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We also write this as “P implies Q”, “P only if Q ”, “P is a sufficient condition for Q ”, and
“Q is a necessary condition for P ”.

Bi-conditional

From two statements P and Q, we may construct the following biconditional statement
“P <= Q” defined as follows:

P Q| P=AQ
T T T
T F F
F T F
F F T

We use the statement “P if, and only if, Q ”, “P and Q are equivalent”, “P is a necessary
and sufficient condition for Q ”, and “ Q is a necessary and sufficient condition for P ”.

Universal Quantifier

The phrase “for every x ” is called a universal quantifier. We regard “for every x ”, “for
all x 7 and “for each x ” as having the same meaning and symbol

Vx

For any arbitrary statement P(x) defined for any x, we have

P(a) P(b) P(c) - | Vx, P(x)
T T T .| T
T F T --| F
F T F F

Existential Quantifier
Definition 3. The phrase “there exists an x ” is called an existential quantifier.

We regard “there exists an x 7, “for some x ” and “for at least one x ” as having the same
meaning, and symbol
dx

For any arbitrary statement P(x) defined for any x, we have

P(a) P(b) P(c) ...|dx P(x)
F F F F
T F T T
F T F T
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Observe that the statement
not(Vx, P(x))

coincides with the statement
dx, not(P(x)).
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Sets

Definition 4. A set is a collection of objects called elements. The notation x € S represents the
statement

“x is an element of S”. The statement “x is not an element of S” is denoted by “x ¢ S”. We
can define a finite set by listing its elements (between curly brackets).

Example:
X =1{2,3,57,11)

is a set with five elements. Alternatively, we can define X as “the set whose elements are
the first five prime numbers”. If there are no elements inside of a set X we say that the
set is empty and denote it by 0.

Universal Quantifiers

Fix an arbitrary set X and consider a statement P(x) for each member of X. The statement
is denoted by
Vx e X, P(x).

Alternatively we could have said: “for every x € X, we have P(x)”, “for all x € X, we have
P(x)” and “for each x € X, we have P(x)”.

Existential Quantifier

For simplicity, the statement “there exists an x € X such that P(x)” is denoted by
dxe X, P(x)

Alternatively, we could have said: “there exists an x € X such that P(x)”, “for some
x € X,P(x)”, and “P(x) for at least one x”. If there is no x satisfying the statement P(x) we
say that {x € X : P(x) is true} =0

More on Sets

Sets are determined entirely by their elements.

Definition 5. We say that the sets X, Y are equal, written X =Y, when
Vx, xeXoxeY.

The order in which the elements are listed or repetitions of the same element are irrele-
vant. In particular, we have,

{1,2}={2,1}, {1,1}={1}.

7
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Definition 6. Fix two sets A and B. The statement “B is a subset of A”, denoted by B C A, is
defined by
Vx, x€eB=—xcA

Observe that
A=B<=[ACBand BCA].

Note that we use “[]” to emphasize the conjunction statement. When B C A is true, we say
that B is a subset of A. If, in addition, we have that B # A, we say that B is a strict subset
of A, or BC A.

Definition 7. The set S of objects satisfying property P is denoted by
S:={x:P(x)}

Example: Fix two sets A and B. We let
ANB:={x:x€Aand xeBjand AUB:={x:x€ A or x € B}.

We also define
A\B:={x:x€Aand x¢ B} and B\A:={x:x¢ A and x € B}.

Observe that
AUB=(A\B)U(B\A)U(ANB)

Example: Fix a non-empty set S and consider the set, denoted by 25, of all subsets of S:
25:={T:TCS)
The set B that contains all elements of some set A satisfying property P is denoted by

B:={xeA:P(x)}

Some important sets that we will use throughout the course are going to be the natural
numbers N, the rational numbers QQ, and the real numbers R.

Families

Definition 8. A class or a family is a non-empty collection of sets (set of sets).

If Ais a class, then A =0 and any element A € A is a set.

Definition 9. The intersection of all elements of the class A is defined by

{x:YAe A, xeA}

8
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We also use the notation,

ﬂA, ﬂ{A;AeA}, or ﬂA

AcA
Definition 10. The union of all elements of the class A is defined by

{x:dAe A, xeAl

UA, U{A:AEA}, orUA.

AeA

We also use the notation,

A family A can be indexed by a set I, i.e., A := {A; :i € I} where each A; is a set. In that
case, the union UA is also denoted by

UAi or, equivalently, {x:diel, xeA;}.
i€l

The intersection NA is also denoted by

ﬂAi or, equivalently, {x:Viel, xeA;}.
i€l

If I ={k,k+1,...,K—-1,K} for some integers k < K, then | J;; A; is also denoted by

K
U
i=k

and Ny A; is also denoted by

Ordered Pairs

Definition 11. An ordered pair is an ordered list (a,b) of two objects a and b. The list is
ordered in the sense that
(a,b)=(a",b'y= [a=a"and b=1"]

Definition 12. The (Cartesian) product of two non-empty sets A and B, denoted A x B is the
set of all ordered pairs (a,b) wherea€ Aand b € B, i.e.,

AxB:={(a,b):aeAandb e B}.
Definition 13. For any n € N, an n-vector is an ordered list (ay,a,...,a,).
Definition 14. We define the (Cartesian) product of n sets Ay,..., A, as follows
Ay x...xA, ={(ay,...,a,):Vie{l,...,n}, a;e€A;}

The product Ay x...x A, is also denoted []i_; A; or X}, A;. Similarly, we will denote
X Aas A"
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Functions
By a function f that maps X into Y, denoted by
f:X—Y

We mean a relation such that, for every x € X, the set {y € Y : f(x) = y} is a singleton. In
particular, this means that:

 for every x € X, there exists a y € Y such that f(x) =y;

 for every y,z€ Y with f(x) =y and f(x) = z for some x € X, we must have y = z.

The function f : X — Y can also be denoted by f : x — f(x) when X and Y are implicit.

The set of all functions that map X into Y is denoted by YX.

Example: R is the set of all real-valued functions on {1,2}. A function f € R1"? can
be identified with the pair (f(1), f(2)), in other words, we can identify R1-2) with R2.

Example: Let X CR and f : X — R be the absolute value, denoted by f(x) = |x|. This

means that:
x,if x>0

—x,if x <0.

f(x)=IXI:={

Definition 15. The set X is called the domain of f and Y the codomain of f.
Definition 16. The image of f, denoted Im(f), is defined by
fX):=lyeY:3xeX, p=f(x)
={f(x):xeX}.
Definition 17. The image of f on X is a subset of the codomain Y, that is, f(X)C Y.
Definition 18. The graph of the function f is defined by
gph(f):={(xp) e XxY:y = f(x)}
{(x, f(x)): x € X}.
Definition 19. A function f : X — Y is said to be:
1. A surjection when f(X)=1Y.

2. Aninjection if x # x’ implies f(x) = f (x) for all x,x" € X.

3. A bijection if it is both injective and surjective.

10
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Example: f € YX is constant if there exists y € Y such that f(x) =y for all x € X.

Example: LetS C X; the indicator function of S in X, denoted by 1g, is the function that
maps X into {0, 1} defined by

1 ifxeS

VxeX, 1 =
x s(x) {0 ifxe$S

Example: Let Z C X C W and fix a function f € YX. The restriction of f to Z, denoted
by f is the function in YZ defined by

VzeZ, f|Z(z) = f(z).

Definition 20. Given f : X — Z and g : Z — Y, we define the composition of f and g as the
function go f : X — Y defined by
VxeX, (gof)x):=g(f(x))
Definition 21. Given a function f : X — Y, the image of a set A C X under f is the set
f(A) C Y defined by
flA):i=peY:Tach, y=fla)
={f(a):acA}.
Definition 22. The inverse image of a set BC Y is the set f ~(B) C X defined by
fY(B):={xeX: f(x)eB).

Definition 23. A function f : X — Y is invertible if f~'({y}) is a singleton for ally € Y. If f
is invertible we can consider the function g: Y — X defined by the equation

I(PHERIO
The function g is denoted by f~! and called the inverse of f. Abusing notations, we write
f71 ) for f7H({y)), dee., 1
[ @) ={xeX: f(x) =y}

even if f is not invertible.

Proposition 1. A function f € YX is invertible if, and only if, it is a bijection.

Proof. We proof only (=). The other direction is an exercise from Problem Set 1. Assume
that f is invertible. We first show that f is injective. Let x # x” arbitrarily chosen in the
domain X. We cannot have f(x) = f (x’) otherwise f~!({f(x)}) = {x,x’} is not a singleton.
We now show that f is surjective. Fix an arbitrary element y of the codomain Y. There
must exist some x € X such that f(x) = y otherwise f~!({y}) = 0 is not a singleton. We have
thus proved that if f is invertible then f is bijection. ]

11
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Class 2

Introduction to Sequences

Let N:={1,2,...} be the set of natural numbers.

Definition 24. A sequence in a non-empty set X is a function f : N — X. A sequence f is also
denoted by (xq,x,,...) where x; := f (i) for each i € N.

We also use the following notations

(Kawers OF (%)
Definition 25. ¢ : N — N is strictly increasing if o(n) < @(m) for all n < m.
Definition 26. A sequence is injective if, and only if, x,, # xy for any n # k.

Definition 27. A subsequence of a sequence f € X" is a function g € X" of the form g = f o
where ¢ : N — N is strictly increasing.

If (x,),cy represents f, then (x‘P(”))neN represents the subsequence g. We may use the

notation (xnk) to represent the subsequence g where

keN
VkeN, ng:=q(k)

Example: Take the sequence composed of all the natural numbers (1,2,3,4,5,6,7,8,...).
Then the sequence (1,1,1,1,1...) is not a subsequence of the original sequence.

Notation on R

Fix any real numbers a <b.

Definition 28. The open interval (a, b) is defined by
(a,b):={teR:a<t<b}
Definition 29. The semi-open intervals are defined by
(a,b] :=(a,b) U {b} and [a,b) := (a,b) U {a}.
Definition 30. The closed interval [a,b] is defined by
[a,b]:={teR:a<t<b}
Definition 31. We define co as follows:

VxeR, oo>x.

12
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This convention allows us to treat co and —oco as numbers, defined such as:
co>—-co and oo>f>-c0
Definition 32. The unbounded intervals are defined by
(a,00):={teR:a<t}and [a,00):=(a,00) U {a}.

Similarly, we define (—oco,b) and (—oo, b].
We consider the following notations: R, :={x€R:x >0} and R,, :={x e R: x > 0}.

Definition 33. We define the extended real numbers such as:
R :=RU {-co,00}.
Definition 34. A set S C K is said to be bounded from above if it has an upper bound, i.e.,
daekK, VseS, a>=s.
Definition 35. A set S C K is said to be bounded from below if it has a lower bound, i.e.,
dbekK, VseS, b<s.

Definition 36. s* € K is the supremum of S C K if it is an upper bound of S and a > s* for all
upper bounds of S.

Definition 37. i* € K is the infimum of S C K if it is a lower bound of S and b < i* for all
lower bounds of S.

We denote the supremum of S as sup S and the infimum of S as infS. The supremum of S
is often called the least upper bound of S and the infimum of S, denoted by inf S is often
called the greatest lower bound of S and is denoted infS.

Example: Let A=(0,1), then supA ¢ A. Note that R, C R is not bounded from above.

Remark: Every set in the extended reals is trivially bounded from above and below.
We will follow the usual convention that implies that if S C R we will allow co and —co to
upper and lower bounds, respectively. Therefore, a major advantage of the R is that every
set in R has both a sup and an inf.

Axiom 1 (The Completeness Axiom). Every non-empty subset S of R that is bounded from
above has a supremum in R.

Proposition 2. The following statements are true;

1. Forany a>0and b € R, there exists an integer n € N such that b < na.

13
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2. Forany a,b € R such that a <b, there exists a rational number q € Q such that a <q <b.

Proof. We first prove the first Assume, by way of contradiction, that b is an upper bound
of the set A :={na:n e N}. Since A is a set of real numbers, it admits a supremum that we
denote by c. This means that na < ¢ for every n € N and c is the lowest number satisfying
this property. In particular, ¢ —a cannot be an upper bound of A. This means that there
exists 71 € N such that ¢ —a < 7ia. We then get that ¢ < (7i+ 1)a. This contradicts the fact
that c is the supremum of A since (71+ 1)a € A.

Q is given by all the numbers that can be expressed as the quotient of two integers. We
now prove the second statement. Choose n € N such that n > 1/(b —a). Such an integer
exists by property 1 above. We then have nb —na > 1. This implies that there must be an
integer p € N in the interval (na, nb). We then get that a < p/n < b. ]

Countable and Uncountable Sets

A set is countable if you can count its elements. Of course, if the set is finite, you can
easily count its elements. If the set is infinite, being countable means that you are able to
put the elements of the set in order just like natural numbers are in order. Yet in other
words, it means you are able to put the elements of the set into a “standing line” where
each one has a “waiting number”, but the “line” is allowed to continue to infinity.

Definition 38. A set X is called countably infinite if there exists a bijection f that maps X
onto the set N of natural numbers.

Equivalently,

Definition 39. X is countably infinite if, and only if, X is infinite and there exists a injective
sequence (x,,) in X such that
X = {Xl,XQ,...}

Recall that a sequence (x,) in X is a function from N to X. Therefore, the sequence is
injective if, and only if, x,, # x; for any n = k.

Definition 40. X is called countable if it is either finite or countably infinite.
Definition 41. X is called uncountable if it is not countable.
Proposition 3. The following properties are satisfied.

1. Every subset of a countable set is countable.

2. Every infinite set has a countably infinite subset.

Proof. 1. Let X be a countable set and Y C X a non-empty subset. Since X is countable,
there exists a bijection f : X — N. Denote by g the function from N to X satisfying
gof =xand f o g=mn. We have that Y C g(N). We construct ¢ : N — N by induction
as follows:

@(1):=min{fneN:g(n) e Y}

14
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and, for each k € N\{1},
@(k):=min{n > @(k—-1)+1:g(n) e Y}

Intuitively, ¢(1) is the first index n such that g(n) € Y, ¢(2) is the second index n
such that g(n) € Y. Observe that, for every k € N\{1}, we have

p(k) =min{n e N: g(n) € Y\{@(1),...,p(k-1)}}

This is a possible way to order the elements of Y. Indeed, observe that the function
@ is injective since it is strictly increasing. Let h := g o . It is an injective function
from N to Y since ¢ and ¢ are injective. We now prove it is surjective. Fix an
arbitrary y € Y. Since Y C g(N), there exists n € N such that y = g(n). If n =1 then
@(1) =1 (sce the definition of ¢(1) ) and y = h(1) € h(N). Assume that n > 1. Let
T,:={ke€{1,2,...,n—1} : g(k) € Y} be the set of all indexes k strictly lower than n
such that g(k) belongs to Y. Let m be the cardinal (number of elements) of T, (if T,
is empty then m = 0). Observe that h(m +1) = g(¢(m + 1)) = y. We have thas proved
that h is surjective.

2. Let X be an infinite set. Pick an arbitrary element x; € X. The set X; := X\ {x;}
is still infinite. Pick an arbitrary element x, € X;. The set X, := X\ {x,x,} is still
infinite. Pick an arbitrary element x5 € X,. Iterating the above argument, we can
construct {xy,x,,...} € X such that x,,,1 € {x,...,x,}. Let g: N — {x1,x,,...} be the
function defined by g(n) := x,,. The function g is obviously surjective. We now prove
it is injective. Let k” # k be two distinct natural numbers. We can assume without
any loss of generality that k¥ > k. Since

X & {Xl,...,Xk,...,Xk/_l}

we must have g (k) = x = x; = g(k).

Useful results

Lemma 1. Every natural number can be expressed in the form n = 2P g, where p is a nonnega-
tive integer and q is an odd natural number.

Proof. We will prove this by strong induction. For the base case n = 1, just note that
n =2%.1. Now let k € N, and suppose that every natural number less than k can be
written in the desired form. If k is odd, we just write k = 20k. If k is even, then there
is an integer I such that k = 2I, and [ is positive because k is. Since I < k, the inductive
hypothesis implies that there exists a nonnegative integer p and an odd natural number
g such that | = 2Pq, and then k = 21 = 2P*!g, which satisfies the conclusion. [

Proposition 4. The set N x N is countably infinite.

15
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Proof. Define a function f : NxN — N by f(m,n) = 2"~1(2n—1). To show that f is injective,
suppose (my,ny),(m,, ny) are elements of N x N such that f (my,ny) = f (my, n,), which is
to say

2m-t(2p —1)=2""1 (20, - 1) (1)
We will first prove by contradiction that m; = m,. Suppose not; then one is larger, and
we may assume without loss of generality that m, > m;. Multiplying both sides of (1) by
21-m1 we obtain

2711 —1=2""" (21/12 - 1)

The fact that m, > m; implies that the right-hand side is even, while the left-hand side is
odd; this is a contradiction, so we can conclude that m; = m,. Then simple algebra shows
that ny = n, as well, so (my,ny) = (my,n,). To prove surjectivity, let x € N be arbitrary.
Lemma 1, shows we can write x = 2Pq for some nonnegative integer p and some odd
natural number g. The fact that g is odd means that g = 2j + 1 for some integer j, and that
g > 1 means j > 0. Therefore, (p+1,j+1) e NxN, and

flp+1,j+1)=2P12>+1)-1)=2P(2j+1) = 2Pg = x.

Thus we have shown that f is bijective, so Nx N~ N. [

Proposition 5. A countable union of countable sets is countable.

Proof. Removing the redundant elements from some sets if necessary, we can assume
without any loss of generality that X; N X; = 0 for every i # j. We also assume that each
X; is countable infinite (the case where X; is finite for some indexes i can be analyzed
similarly). It then follows that each X; can be written as follows: X; = {xll,xlz,...} where
xi # x;{ for every n = k. Let X := X; UX; U.... We can easily construct an injection from X
to N2. Indeed, if x € X then there exists a unique palr (iy nx) € N? such that x = xn (this
is where we use the assumptlon that X; N X; # 0 and x;, # x; for every i = j and n # k. Let

f : X — N? be defined by f(x) := (i, ny). The function f is injective. Indeed, let x # x" € X
be two distinct elements of X. If x and x’" belong to different sets then i, # i,,. Assume
that i, = i, and denote this index by i.x and x’ belong to X'. Since x # x’, we cannot have
1, = n,. Since N? is countable, we are done. ]

Lemma 2 (Cantor’s Nested Intervals). Let I,, := [a,, b, ] be a closed interval for each n € N. If

I, 21,2... then
ﬂln:«t@
n=1

If, in addition, lim (b,, — a,,) = 0, then the intersection is a singleton.

Corollary 1. R is uncountable.
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Proof. Assume, by way of contradiction, that [0,1] = {xq,x5,...}. We should find someone
in [0,1] that does not belong to {x;,x;,...}. The real number x; does not belong to at
least one of the three intervals [0,1/3],[1/3,2/3] and [2/3,1]. Repeat the procedure and
construct a sequence (I,,) of nested intervals I,, = [a,,],] such that lim (b, —a,) = 0 and
such that {x,...,x,} NI, = 0. Apply the Cantor’s Nested Interval Lemma to deduce that
there exists x € [0, 1]\ {x1,x2,...}. O

The Cardinality Ordering

Definition 42. Let A and B be any two sets. We say that A is cardinally larger than B, denoted
A >.ara B, if there exists an injection from B into A.

Definition 43. If we can find a bijection from A onto B, then we say that A and B are cardinally
equivalent and denote this by A ~.;,4 B.

17



University of Minnesota. Math Refresher Lecture Notes.

Class 3

Real Sequences

Definitions and Basic Properties

Definition 44. A real sequence is a function from N — R denoted by x,,
N-R
ne x,

We denote x,, as the image of the function when evaluated at n (the n-th element of a
sequence). For us to represent the whole sequence write:

(xl,xz,x3,...), or (xn)neN or (xn)

Definition 45. A sequence (x,) is said to be increasing (decreasing) if x, < x,,1,¥n > 1
(X, > Xp41,Yn > 1). If the inequality among elements is strict we say the sequence is strictly
increasing (decreasing).

Definition 46. A sequence (x,) converges to x € R, denoted by lim,,_,, x,, = x if,
Ye>0, dNeN, Vun>N, |x,—x|<e.

The idea of this definition is simple. After some point, this sequence gets arbitrarily
close to its limit x. In a more precise way, only finitely many elements of the sequence
(N of them) are outside of the interval (x —€,x + €). At some point in this course (the
Metric Spaces chapter, to be more precise), we will introduce some more structure to this
definition re-stating it in terms of open balls.

Definition 47. A sequence (x,) diverges if,
VpeR, dNeN, Vn>N, x,>v

18
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Lemma 3 (Sandwich). Consider three real sequences (x,), (v,), and (z,) such that, for each n
large enough,
Xn SVn S 2y

If 3¢ € R such that limx,, = limz,, = £, then limy, exists and limy, =¢.

Proof. We prove the case £ € R. Fix € > 0. Since both (x,,) and (z,) converge to £ € R we
have that:
AN, €N, Vn>N,, |x,—{|<e

AN, eN, Vn>N, |z,-{l<e

Pick N = max{N,, N,}:
—-e<x,—{(<y,-0<z,-l<e

Yn>N, |y,—{|<e=limy, =¢
[

From a given sequence (x,) one may want to analyze just a subset of the indices n, for
example:
(X2, X4, Xg,...), OF (X1,X3,X5,...)

In a more general way, we can define a strictly increasing function ¢ : N — N that selects
the indexes we want and makes another sequence out of the original (x,,). We denote this
new sequence as (X)) and name it a subsequence.

Lemma 4. If a sequence (x,)) converges to £ € R, then for every strictly increasing ¢ : N — N,
the subsequence (x(y)) also converges to €.

Proof. We start by showing that ¢(n) > n. If we prove this, using the definition of conver-
gence (...Yn > N) we are able to say that the subsequence will also converge. First note
that ¢(1) € N, and thus it must be the case that ¢(1) > 1. Since ¢ is strictly increasing:
©(2) > p(1) > 1, also since ¢(2) € N we have that ¢(2) > 2. Proceeding by induction we
can show that @(n) > n for any finite n. Fix € > 0. Since (x,) converges we have that
AN € N such that Vn > N, |x,, — €| < €. But note that:

Vn>N= @(n)>N

Hence |x(,) — | <e€. o

Definition 48. A sequence (x,,) is said to be bounded from above (below) if
dKeR, x,<K, VneN (above)

dKeR, x,>K, VYneN (below)
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Definition 49. A sequence (x,,) is bounded if it is bounded from above and below
dKeR, |x,/]<K, VneN
We are then able to conclude that sup{|x,|: n e N} <K e R.

Proposition 6. Every real sequence that converges in R must be bounded.

Proof. Let (x,) be a sequence that converges to x € R. Fix € > 0.
AN eN, Vn>N, x-e<x,<x+e€

This implies that:
sup|x,| <|x|+€
n>N

Since N < oo:

sup |x,| < max{lxll, lxs, ... [, x| + e}
neN

]

Proposition 7. Every increasing (decreasing) real sequence that is bounded from above (below)
converges.

Proof. Let (x,) be an increasing sequence that is bounded from above. Since the set T :=
{x, : n € N} is bounded from above it has a supremum ¢ € R. Fix € > 0. Since ¢ is the
supremum of T it is the smallest upper bound of T which means that £ — € is not an
upper bound for T. This means there exists some N € N such that x5 > ¢ —e€. Since (x,,) is
an increasing sequence: Yn > N, x,, > xy > { —e€. By definition of £ it must be the case that
X, <€ <{+ e which means that Vn > N, |x,, — €| < €. O

Definition 50. A sequence (x,) is said to be monotonic if it is either increasing or decreasing.

Proposition 8. Every real sequence has a monotonic subsequence.

Proof. For each k € N define the tail of the sequence (x,,) as:
Tk = {x) o n 2k} = {xp, Xpp1, Xy

We start by the case that k is such that T does not admit a maximum. Pose ¢(1) = k.
Since Ty does not have a maximum, there must exist n, > k such that x,, > x;. Pose
®(2) = ny. Note that since ¢(2) > @(1) we have that T3 C Ty(1). Since Ty1) does not
admit a maximum, T(p(Z) also does not admit a maximum. Hence, there must exist n3 >
@(2) such that x,,; > x(2). Pose ¢(3) = n3. Following this procedure we can construct a
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strictly increasing function ¢ : N — N such that x4(,41) > x
a strictly increasing subsequence of (x,,).

We now assume T admits a maximum for each k. Since T; admits a maximum, there must
exist n; > 1 such that x,, attains the maximum of T;. Pose ¢(1) = n;. Since T admits a
maximum for each k, we know that Tj,(1),; admits a maximum. Let n, > ¢(1) + 1 be such
that x,,, attains the maximum of Ty1);1- que (p(2) = 1. Note that since Ty(2) C Ty(1) it
must be the case that x,1) > x4 (2). Proceeding inductively we can construct ¢ : N — N
such that ¢(n +1) > ¢(n) and (x,,)) is a decreasing subsequence of (x;,). O

¢(n) which means that (x(,)) is

Having stated the last definitions and propositions we naturally get to an essential result.

Theorem 1 (Bolzano-Weierstrass). Every bounded real sequence has a convergent subse-
quence.

The proof of the above Theorem relies on previously proved properties of real sequences
and is left as an exercise. This is a good example of how results are built out of smaller
building blocks and as time goes on and you are more familiar with definitions and some
basic properties, you can use them to derive new (and more general) mathematical state-
ments.

Lemma 5. If S # 0 and S C R, then there is an increasing sequence (x,) € SN such that
X, —supS. !

Proof. Let £ := sup S and assume the case £ < co. If £ = max$ the proof is trivial 2, so
we assume it is not. By the definition of a supremum, we know that £ — 1 cannot be an
upper bound of S. Therefore there exists x; € S such that x; > ¢ —-1. Let €] := (£ —x;)/2
and note that since ¢ is not a maximum of S we must have that x; < ¢ which means that
€1 € (0,1/2). In particular, (again) by the definition of the supremum we have that € —¢€;
cannot be an upper bound for S, and by the same argument Jx, € S such that x, > € —e€;.
Note that by the definition of €; we have that x, > x;. Again, pose €, := ({ —x;)/2 and
note that €, € (0,1/22). We can proceed with the same argument inductively to construct
a strictly increasing sequence (x,) such that x,,; —¢ < 1/2" and x,, < ¢ (since ¢ is not a
maximum). We thus conclude that (x,) converges to £. [

With the above property, we started linking some specific objects in a set with real se-
quences (in the above case, the sup and inf of a set). The next lemma is an additional step
in that direction, but now with an arbitrary element of the real numbers.

Lemma 6. For any real number x and any real sequence (x,,) we have limx, = x & Every
subsequence of (x,,) has itself a subsequence that converges to x.

I There is also an equivalent Lemma for the increasing/inf case.
2 Just set x,, :={ for each n e N
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Proof. [=]. This proof relies exclusively on using one of the previous Lemmas... which
one?

[<]. Assume every subsequence of the real sequence (x,) has itself a subsequence that
converges to x. We shall provex,, — x. Suppose it is not the case, that is:

de>0, VNeN, dn>N, |x,—x|>¢€

Since the above property holds YN € N, we can start by setting N = 1 and getting the
existence of:
dny >1, |x, —x|>€

By setting N = n; + 1 we get that:
Any>n+1, |x,, —x|>e€
Proceeding inductively we can construct (x,, ) such that:
Vk>1, |x, —x[>e€

Define ¢(k) := ny for k € N and we get that the subsequence (x,(,)) does not converge.
However, by assumption, every subsequence of (x,) has itself a convergent subsequence
that converges to x. Since it is also the case for (x,(,)) we know that 33 : N — N such
that x,(y(n)) — x. This is already a contradiction since we just showed that (x,;)) does not
converge to x. [

Cauchy-Sequences

This is going to be an important class of sequences for the following chapters since it is
widely used in the context of the convergence of value functions. We are going to state a
definition in which the relevant distance is not between an element of a sequence and a
real number, but between two elements of the sequence.

Definition 51. A real sequence (x,,) is said to be a Cauchy sequence if

Ye>0, dANeN, Vnp>N, |x,—x,/<e€

P

Intuitively, any convergent sequence will have its terms closer and closer. We now show
tan important result stating that in R any sequence for which the distance between its
terms shrinks will converge.

Proposition 9. Every real Cauchy sequence converges.

Proof. We first show that (x,,) is bounded. Choosing € := 1, we get the existence of N e N
such that

V2N, |xu|=|xn| < lxy—xnl <1 =[x, < 1+ |xyl
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Fix now two arbitrary increasing sequences ¢, ¢’ : N — N. The two subsequences (x;))
and (x(,)) are both bounded. By Bolzano-Weierstrass theorem 3¢, ¢’ : N — N such that
(Xp(p(n)) @and (X7 (y/(n))) converge to £ and ¢’. We already know that if every subsequence of
(x,) has itself a subsequence that converges to ¢ it must be the case that x, — x, therefore
we shall prove that € = ¢’. Assume by contradiction ¢ # ¢’. Take € :=|{ - ¢’|/2 > 0. And
since (x,,) is a Cauchy sequence:

ANeN, Vmp>N, |x,-xp[<e

We then deduce that:
V=N, [xp(p(m) — Xer | < €

Passing to the limit when k — oo, we get that
o<|e-t<e-20'|/2

Which is a contradiction.
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Class 4

Problem Set 1
Exercise 1. Prove that if f € YX is a bijection, then it is invertible.

Proof. Assume that f is a bijection. We want to prove that f is invertible. Fix y an arbi-
trary element of the codomain Y. The set f~!({y}) cannot be empty since f is surjective.
This means that f~!({p}) has at least one element. Actually, it cannot have more than one
element. Indeed, assume by contradiction 3, that f ~!({y}) contains at least two distinct el-
ements x # x". This means that f(x) = f (x") and contradicts the fact that f is injective. [

Exercise 2. Prove that a set X is countable if, and only if, there exists an injection from
X to a countable set.

Proof. Since N is countable, we only have to prove the sufficiency part ( ”if”). Let X be
a set and assume that there exists an injection h : X — Z where Z is a countable set. By
definition, there exists a bijection f : Z — N. Let g := f oh. The function g: X - N
is injective since h and f are injective. Therefore, the function ¢ : X — g(X) defined by
Z(x) := g(x) is a bijection from X onto g(X). If g(X) is finite, then X is also finite. If g(X) is
infinite, then there exists a strictly increasing function ¢ : N — N such that ¢(N) = g(X).
Indeed, it is sufficient to pose

@(1):=min{n e N: n € g(X)}
and for every k e N

@(k+1):=min{n > @(k)+1:ne g(X)}
=min{neN:ne g(X)\p{1,2,...,k})}.

Since § is bijective, there exists a bijection, denoted by ¢!, from g(X) onto X, such that
gog ' =1dgx)and §™! o g = Idy. The function §~! o ¢ is then a bijection from N onto X.
This is sufficient to deduce that X is countably infinite. N

Exercise 3. Prove that a set X is countable if, and only if, there exists a surjection from
a countable set to X.

Proof. Since N is countable, we only have to prove the sufficiency part (”if”). Let X be a
set and assume that there exists a surjection h : Z — X where Z is a countable set. By
definition, there exists a bijection f : N — Z. Let g:= ho f. The function g: N — X is
surjective since h and f are surjctive. For every x € X, the set

g7 ({x) = {neN: g(n) = x)

3 Note that we are finishing the proof by using the equivalence between A = B = not(A) = not(B).
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is non-empty. We then consider a function k : X — N defined by: k(x) is one (arbitrary)
element of ¢g~!({x}). If we prove that the function k : X — N is an injection, then we get
the desired result by exercise 2. Let x # x” two distinct elements of X. Since

x = g(k(x)) and x" = g (k (x'))

we cannot have k(x) = k(x'). | O

Exercise 4. Prove the following Lemma

Lemma 7 (Cantor’s Nested Intervals). Let I,, := [a,,, b, ] be a closed interval for each n € N. If

I, 21, 2... then
ﬂln:t@
n=1

If, in addition, lim (b,, — a,,) = 0, then the intersection is a singleton.

Proof. Since I,,,; C I,,, we must have a,,; > a, and b, <b,. The sequence (a,) is increas-
ing and bounded from above by b;. This implies that there exists a € R such that (a,)
converges to a. Moreover, we have a = sup{a, : n € N}. Similarly, we get the existence of
some real number b € R such that (b,,) converges to b and b = inf {b,, : n € N}. Observe that

[a,b] C [a,,b,] =1, for each n, i.e.,
bl ()1,

neN
If lim (b, —a,) = 0 then a =lima, =lim b, = b and we get that [a,b] = {a} = {b}. O

Exercise 5. Consider two real sequences (x,,), and (y,,) such that:
INeN, Vn=KN, x,<yp,

Prove that if both sequences converge in R then limx, < limy,.

Proof. Let ¢(x) = limx, and €(y) = limy,,. Fix € > 0 arbitrary. Since both sequences con-
verge there must exist Ny, N, € N such that x,, > {(x) — e for n > N, and y, > {(y) — € for
n > N,. It follows that:

Vn > max{Nx,Ny,N}, {x)—e<x, <y, <{l(y)+¢

We have thus proved that:
Ve>0, CO(x)—e<{l(y)+e

Since € is arbitrary we we deduce that £(x) < {(p). If not, choose € := [€(x)-€(y)]/3 and get
a contradiction. O
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Exercise 6. Prove that every bounded real sequence has a convergent subsequence.
(Hint. This is the Bolzano-Weierstrass Theorem just use some results proved in the chapter to
get the result)

Proof. Let (x,) be a bounded real sequence. By Proposition (8): 3¢ : N — N strictly in-
creasing such that (x,(,) is monotone. Since it is also bounded, by Proposition (7) it
converges in R. [

Fix a real sequence (x,) and denote by (v,,),(z,) € R the following sequences:

Vi 1= SUp{Xy, Xyp1,-- -
z, :=inf{x,, x,.1,...}
Definition 52. We call the limits: limy,, = limsup x,, (limit superior) and limz, = liminfx,

(limit inferior).

Exercise 7. Prove that for any £ € R and (x,,) € RY, we have
limsupx, =¢
if, and only if,
1. Vée>0, dNe€N, Vn>N, suchthatx,<l+e¢

2. Vée>0, YNeN, dn>N, suchthatx,>{¢-¢

Proof. [&]. Suppose (1) and (2) hold and let € > 0. Let T, := {x,,x,.1,...} be the tail
starting at n and define the sequence y, :=supT,,. By (1), £ + € is an upper bound for Ty,
which means that yy <€+ €. Since (y,) is a decreasing sequence we have that y, <l +e€.
By (2) we know that £ — € is not an upper bound of Tj for any k € N which implies that
Vi > {—e.

Ye>0, dNe€N, Vn>N, {(-e<y,<{+e€

We thus conclude that y, — £.
[=]. Assume that y, — €. Since (y,,) is a decreasing sequence for any € > 0, there exists
N e Nsuch that £ <y, <l +¢€ forall n> N. Since y, is an upper bound of Ty:

Vn>N, x,<yy<Cl+e

We have just shown that (1) holds. Now assume by contradiction that (2) does not hold:
de > 0, AN € N, such that £ — € is an upper bound of Ty. This implies that yy < € -,
which is a contradiction. [
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Class 5

Real Functions

Definition 53. A real function on a non-empty set T is an element of RT,
f:T—->R

More intuitively, a function is a map between elements of an arbitrary set T to the real
numbers.

Definition 54. A function is said to be increasing (decreasing) if:

VxyeT, x2y=f(x)2f() (fx)<f()

In the definition of a strictly increasing (decreasing) the inequalities are strict.

Example: Let X CR and f : X — R be the absolute value, denoted by f(x) = |x|. This

means that:
x,if x>0

—x,if x <0.

£(x) = Jxl = {

Definition 55. We say that a function is bounded if AM € R such that:
VteT, |f(t)<M.
Limits
Definition 56. Consider a function on the extended real numbers f : R — R
1. Let x e Rand € € R, we say that lim,_,, f(t) = € if, and only if,

Ye>0, 36>0, VteT\{x}, |[t—-x|<o=|f(t)-{|<¢

2. Let L e R, we say that lim;_,, f (t) = € if, and only if,

Ve>0, dteR, VteT, t>t=|f(t)-{<¢

3. Let £ e R, we say that lim; , ., f(t) = if, and only if,

Ve>0, dteR, VteT, t<t=|f(t)-{<¢

4. Let x € R, we say that lim,_,, f(t) = oo if, and only if,

VyeR, 36>0, VteT\{x}, |t-x|<o=f(t)>yp
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5. Let x € R, we say that lim,_,, f(t) = —co if, and only if,

VyeR, 36>0, VteT\{x}, [t—-x[<o=f(t)<y

6. We say that lim;_,, f (t) = oo if, and only if,

VyeR, dreR, VteT, t>t=f(t)>vp

7. We say that lim;_, ., f(t) = oo if, and only if,

VyeR, dteR, VteT, t<t=f(t)>yp

8. We say that lim;_,, f (t) = —oo if, and only if,

VyeR, dteR, VteT, t>t=f(t)<y

9. We say that lim;_, ., f(t) = —oo if, and only if,

VyeR, dreR, VteT, t<t=f(t)<y

Continuity at a Point

There are multiple ways to define the continuity of a function at a point,

Definition 57. Let SCR, ce S and let f : S — R. The function f is continuous at c, if and
only if,
lim f(x) = f(c)

X—C

where lim,_,. f(x) = f(c) means that
Ye>0, J6>0, VxeS\{c}, |x—cl<o=]f(x)—f(c)<e.
Definition 58. Let S CR, c € S and let f : S — R. The function f is continuous at c, if and
only if,
Y(x,) € {(yn) est: limy, = c} = lim f (x,) = f(c).
n—-o0 n—o0
Definition 59. Fix a subset S C T; if f is continuous at every x € S then f is said to be

continuous on S. If S = T then we say that f is continuous. The set of all continuous functions
on S is denoted by C(S).

Proposition 10 (Composition). Let S and T be two non-empty subsets of R. Take f € RT and
g € RS with f(T) CS. If f is continuous at x € T and g is continuous at f(x), then go f is
continuous at x.
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Proof. Fix € > 0. Since g is continuous at f(x), da > 0 st,

Yy e S\ ly-Fol<a = lg(y)-g(f(x)l <.
Given a > 0, since f is continuous at x, 36 > 0 st,
VieT\{x}, |t—-x|<o=|f(t)-f(x)|<a.
Combining the two properties above, we get that

VieT\{x}, [t-x|<o=1g(f(t)-g(f(x))I<e

which is the definition of g o f is continuous at x. [

Proposition 11. If f is continuous at x, then |f| is also continuous at x.

Theorem 2 (Intermediate Value Theorem). If f € C[a, b] then,

Vx,x"€lab], VyeR, f(x)<y<f(x)=3%elab], p=/f(X)

Proof. Let x,x” € [a,b]. Interchanging x and x’ if necessary, we can assume wlog that
f(x) < f(x’) and fix an arbitrary real number y € (f(x), f (x”)). We split the proof in two
cases: If x <x’. Let T be the set of all ¢ € [x,x’] such that f(t) <y, i.e.,

T:={te[xx']: f(t) <y}

The set T is non-empty since it contains x and is bounded from above (by x” ). Therefore,
there exists X € [x,x’] such that £ = sup(T). By Lemma (5):

If S #0and S CR, then there is an increasing sequence (x,,) € SN such that x,, — supS,

there exists a sequence (t,) in T such that limt, = x. Since f (t,) < y for each n, passing
to the limit and using the continuity of f at £, we deduce that f(X) < y. Observe that
we must have £ < x’, since we have f(X) <y < f(x") and x" ¢ T. Therefore, for ¢ > 0
small enough, % + ¢ still belongs to [x,x’]. Since X is an upper bound of T, we cannot have
%+ ¢ € T. This implies that y < f(£ + ¢). Since this is true for any small enough value of ¢,
we can let € := 1/n for n large enough. Passing to the limit and using the continuity of f,
we get that
y <limf(x+1/n) = f(X).

We have thus proved that y = f(X). If x” < x. Reproduce a similar argument by considering
the set T":={t € [x",x]: f(¢) < v} and taking the infimum of T’. O

Definition 60. f is said to be uniformly continuous on S € T CR if
Ve>0, 16>0, Vx,teS, |x—t|<o=|f(x)—f(t)<e.
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Theorem 3 (Heine). Let [a,b] C R be a non-empty subset of R. The function f is continuous
on [a, b] if, and only if, it is uniformly continuous on [a,b].

Proof. We only have to prove the [=] part. Let f be a function continuous on [4,b] and
assume, by way of contradiction, that f is not uniformly continuous. This means that

de>0, V6>0, dAx,telab], |x—t/<d and |[f(x)-f(t)]=e.

Since the above property is true for any arbitrary 6 > 0, we can take 6 := 1/n and deduce
the existence of x,,t,, € [a,b] such that

|xn - tnl <1/nand |f (xn) _f(tn)l 2 €.
Since the sequence (x,,) is bounded (recall x, € [4,b] ), we can use the theorem
Every bounded real sequence has a convergent subsequence.

to deduce the existence of a strictly increasing function ¢ : N — N and some real number
x € R such that (x(p(n)) converges to x. Since x,, € [a,b] for each n, it follows from the (3)

that x € [a,b]. Observe that the sequence (t(p(n)) also converges to x since the sequence
(x,, —t,) converges to 0 . Since f and |-| are continuous functions, we get that

e <Tim |f (xp()) = £ (tpum)| = [lim £ (xg0m) = Tim £ (£

This contradicts the fact that ¢ > 0. O

=lf(x)-f(x)[=0.

Level Curves

Definition 61. The level curve k € Im(f) of a function f is given by,
{(xp) eR?: f(x,9) = k).
Concave and Convex Functions
Definition 62. A set D C R" is said to be a convex set iff:
Vx,yeD, Xe€[0,1], Ax+(1-A)yeD
Definition 63. Let D be a convex set. f € RP is said to be concave if
Vx,yeD, Ae€[0,1], f(Ax+(1-A)p)=Af(x)+(1-N)f()

The definition of strictly concave functions uses strict inequalities. The definition of
(strictly) convex functions just switches the inequalities sides.
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Lemma 8. Fix [a,b]eRand let f € RI%] pe g concave function, then
inf f([a,b]) > —c0
Lemma 9. Let f € Rl where I is an interval containing a < b < c. If f is concave, then

f©-fb) _f©)-fla) _ f(b)-fla)

c-b - c—a - b—a

Definition 64. A function f on D CR" is said to be quasi-concave if

f(Ax+(1=A)y) 2 min{f (x), f ()}

The definition of a strictly quasi-concave function is the same with a strict inequality.

Definition 65. Let f € D CR" — R and a € R. We define the upper contour set as follows:
U(f,a):={xeD: f(x)>a}

Proposition 12. Let D C R" be a convex set. A function f € RP is quasi concave if, and only
if, all of its upper contour sets are convex.

Proof. (=). Suppose that f is quasi-concave. Fix @ € R such that U(f, a) is non-empty.
Fix x,y e U(f,a) and A € [0,1]

fAx+(1-A)y) 2 min{f(x), f()} = a

Therefore Ax + (1 - A)y € U(f, @) which means that the upper contour is convex.

(). Now suppose U(f,a) is a convex set for any @« € R. Then Vx,y € U(f,) and A €
[0, 1] we have that Ax+(1-7A)y € U(f, a). Since this is true for any a, set & = min{f (x), f (v)}.
Hence,

fAx+(1-A)y) 2 @ =min{f(x), f(y))

We then conclude that f is quasi-concave. ]
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Class 6

Metric Spaces

After getting some notions of sets, sequences, and functions we start to deal with more
abstract spaces and more general properties. Let X be a non-empty set.

Definition 66. A function d : X x X — R, that satisfies the following properties is called a
metric on X,Vx,y € X

1. d(x,y) =0if, and only if, x = y;
2. d(x,y) =d(y,x);
3. d(x,y)<d(x,z)+d(y,2)

Remark. Let d(x,y) =| x—y |, Pick z = 0 in the above definition. Which property (3)
sounds like for you?

Example: Letx,y € X and let

1, if x =
d(xy) = {o ifx:z

Definition 67. A metric space is a pair (X, d), that is, a non-empty set endowed with a metric
function.

Example: Let Fix n € N and p € [1,0). For any x,y € R". Define the following metric:

dp(x,9) = (lei - il
io1

Proving that d, satisfies all the properties of a metric is left as an exercise. In particular,
the property (3) in the definition of a metric (triangle inequality) when applied to d, is
called Minkowski’s Inequality.

1/p

Definition 68. The space (R",d;) is called the n—dimensional Euclidean space.

Example: Let {*° denote the space of bounded real sequences and let (B(T)) denote the
space of bounded real functions from an arbitrary set T. We can define a distance between
any two elements in the above sets by defining the sup-metric for each of those cases:

oo (%), (¥n)) = supi|xy =yl : n €N}
Do(f,8) = sup{lf (x) - g(x)|: x € T}
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Example: The pairs (¢*°,d,,) and (B(T), D) are metric spaces.

Topology

Let (X, d) be a metric space. We now use our definition of metric to formalize the notion
of distance between elements of the set X.

Definition 69. For any x € X and € > 0 the open ball centered at x with radius e is defined
as follows:
Bx(x,e)={yeX:d(x,p) <el}.

Link: Different metrics induce different shapes of balls.
The above definition allows us to say that elements of a set X are arbitrarily close (for a
given metric) to each other when they are both elements of the open ball.

Definition 70. A subset S C X is said to be open in X if
VxeS§, de>0, Bx(x,e)CS.

Lemma 10. The open ball Bx(x, €) is open.

Proof. Fix y € Bx(x,€). We want to find 6 > 0 such that Bx(y,0) C Bx(x,€). Let o :=
€ —d(x,v). By the triangle inequality:

VzeBx(y,0), d(x,z)<d(x,v)+d(y,z) <d(x,y)+0

\ B sxly)
== /!
\ ! M /
AN | ] s
~ i

b
\\ \__f/
-

Definition 71. A subset S of X is said to be closed in X, if X \ S is open in X.
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Remark: Sometimes the underlying metric space X will be implicit and we will just say
that a set is closed (instead of closed in X)

Remark: We can define the complement of S in X or simply the complement of S
(when X is implicit) as S¢:= X'\ S.

Definition 72. A topology associated to a metric d on X is the class of all open subsets of X,
we denoted by Oyx.

Remind what a class was.
Proposition 13. Let C C Ox be a class of open sets, then

o

SeC

€ Ox

Proof. Define Y as follows:

v:=| Je=| Jc

CeC
Fix y € Y. By definition:
dCel, yeC

Since C is an open set.
de >0, Byx(y,e)cC

But since C C Y, then Bx(x,e) C Y. Since this holds for any y € Y we must have that
Y e Ox. ]

Remark: A direct consequence of the above proposition is that the intersection of any
collection of closed sets is closed. However, it is not the case that an intersection of open
sets is open (in the problem set you are invited to provide a counter-example of this
claim).

Definition 73. The largest (in an inclusion sense) open set in X that is a subset of S is called
interior of S in X and denoted by intx(S) (for short int(S) when X is implicit). More formally:

int(S):= U{v €Oy :V CS).

Definition 74. Let Cx denote the class of all closed sets in X.

Definition 75. The smallest (in an inclusion sense) closed set in X that contains S is called
closure of S in X and denoted by clx(S) (for short cl(S) when X is implicit). More formally:

cl(S) := ﬂ{c €Cx:SCC).
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Definition 76. The boundary of S relative to X, denoted by bdx(S) (or bd(S) for short, when
X is implicit)
bdx(S) = Clx(S) \ intx(S).

Proposition 14. Let S C X. S is open in X < int(S) =S.

Proof. (). By definition, we know that int(S) is an open set. If int(S) = S, then it must
be the case that S is also open.

(=). It is always the case that int(S) € S. By definition of the interior of S, we know
it is the largest (for inclusion) open set contained in S, therefore it is also the case that
S Cint(S). N

Proposition 15. x € int(S) & de > 0 such that B(x,€) C S.

Proof. (=). Let x € int(S). Since int(S) is open by definition we know de > 0 such that
B(x,€) C int(S). Also, it is always the case that int(S) ¢ S *. Hence we conclude that
B(x,€) CS.

(). Assume there exists € > 0 such that B(x,e) C S. Since the open ball B(x, €) is open
by definition it must be the case that B(x,e) C int(S), therefore x € int(S). O

Limits
We re-write our notion of limit/convergence in terms of open balls now:

Definition 77. (x,) converges to x if, and only if,
Ve>0, dNeN, Vn>N, x,€Bx(xe).

Proposition 16. A set S is closed in a metric space (X,d) <= Every sequence in S that con-
verges in X has its limit point in S:

Proof. (). Assume that every sequence that converges in X has its limit point in S. We
shall prove that X \ S is open. Assume by contradiction it is not the case, so there must
exist x € X \ S such that

Pe >0, suchthat Bx(x,e)CX\S

Ye>0, Byx(x,e)nS=0

So for any n € N we can choose € = 1/n and since the intersection is non-empty, there
exists s, € Bx(x,1/n) N S. Note that (s,,) € SV is a sequence in S and it converges to x since

4 This inclusion holds with equality only if S is an open set.
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d(s,, x) <1/n. But by assumption, all sequences that converge in X have their limit point
in S, so x € S which is a contradiction since we fixed x € X \ S.

(=>). We now assume S is closed and fix (s,,) € SN such that s, — x € X. We want to show
that x € S. Suppose it is not the case, that is, x € X \ S. By assumption, S is closed and
then X'\ S is open. This means that:

Jde >0, suchthat Bx(x,e)CX\S
Since (s,) converges to x:
AN eN, Vn>N, s,€Bx(xe€)

But then it must be the case that sy € Bx(x,€) C X\ S = sy € X\ S but this is a contra-
diction since we assumed (s,,) € S™. ]

This is a very important characterization of closed sets. You will often use convergent
sequences to prove a set is closed instead of using open balls.
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Class 7

Compacteness

Before stating formally one of the main concepts of a metric space, we start with some
auxiliary definitions.

Definition 78. A subset S of X is said to be bounded if there exists M > 0 and x € S such that
S C Bx(x,M).

Definition 79. Let C be a class of open subsets of X. C is said to be an open covering of S if

scl Jiviveo

Definition 80. A metric space X is said to be compact if every open cover of X has a finite
subset that also covers X.

We can understand compactness as some sort of generalization of finiteness.

Example: ({xi,...,x;} for some k € N. Take € := max{d(x;,x;) : j = 1,...,k} and we have
{x1,...,x¢} € B(x1,€). But how to proceed if we have an infinite set? We cannot take
€> sup{d(xl,xj) :j=1,...,k} since this sup can be too big...

We now state an important result without proving it. Even though the proof is not very
long, this result will be more important for us to have an alternative (and simpler) way
to characterize compact sets without worrying about open coverings (which are very ab-
stract objects).

Remark: Letx,yeR" wesaythatx<ypifx;<y;foralli=1,...,n.
Definition 81. Let [x,p] be the set {ze R" : x; <z; <y;,Vi=1,...,n}.
Theorem 4 (Heine-Borel). For any x <y € R", the cube [x,y] is compact.

Proposition 17. Any closed subset of a compact metric space is compact.

Proof. Let F C X be a closed subset of the compact metric space X. Let C be an open
covering of F, that is:

Fc| Jiviveq

If C is an open covering of F and F¢ is also an open set we know that C U {F°} is an open
covering of X, which is compact. Therefore, there exist a finite family D C C such that
D U {F°} covers X. We can then deduce that D covers F.

Draw the figure you have in your notes in the whiteboard! N
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Proposition 18. Any compact subset of a metric space X is closed and bounded

Proof. Let K be a compact subset of a metric space X. We start showing that K is bounded.
Let C be the class of open subsets of X defined as follows

C:={B(x,1):x e K}.

Note that this is an open covering of K. Therefore, since K is compact there exists a finite
subset F C K such that
KC U B(x,1)

x€eF

Choose an arbitrary x € F and define
M :=max{d(x,x)+1:x e F}

This definition of M ensures that K C B(x, M). We now proceed to the second step, which
is proving that K is closed. Let x € K and define the following class

C:={B(k,d(x,k)/2): k € K}
This is an open covering of K. Therefore, there exists a finite subset F C K such that:
K| JB(f,d(x f)/2)
feF

Let
e:=minf{d(x, f)/2: f € F}.

Note that since x € K¢ and F C K we must have that € > 0. Moreover, by construction:
VfeF, B(x,e)NB(f,d(x, f)/2)=

Finally, note that

&) [ \B(f,d(x f)/2

feF

= JB(f dx, /z)]

feF

But since the union of open balls covers K:

K| JB(f.dx fr2)= || JB(f d(x f)2)| <K
feF feF
We thus conclude that
B(x,e) C K¢
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Theorem 5. A subset of R" (with the Euclidean metric) is compact if, and only if, it is closed
and bounded.

Proof. We only prove the () part (the other direction is a problem set exercise). If K is
bounded, there exists k € K and M > 0 such that:

Kg [ki—M,k,'-l-M]:[X,y]

n
i=1

Where x := (ky —-M,k, - M,...,k,— M) and y := (k; + M,..., k,, + M). By Theorem (4) we
already know that [x,y] is compact so K is a closed subset of a compact set, by Proposition
(17) we just proved, we know that K must also be compact. [

The above results provide us with a simpler characterization of compact sets. In case we
are dealing with finite vectors in the reals (R") we can just substitute the notion of com-
pactness with open coverages with way simpler notions of closed and bounded intervals.

We now state an important theorem that characterizes a compact set in terms of conver-
gent sequences.

Theorem 6. A subset S of a metric space X is compact if, and only if, every sequence in S has
a subsequence that converges to a point in S.

Proof. We only prove the (=). (For the other direction, refer to Efe Ok’s book).

Let (x,,) be a sequence in S and assume by contradiction that there does not exist a con-
verging subsequence.

Claim. The set T :={xy,x,...,X,,...} is closed.

Proof. Let (,) be an arbitrary sequence in T and assume that it converges in X to some
point £. We shall prove that £ € T. For each n € N there exists k, € N such that y,, = x; .
Observe that the function n - k,, need not be injective. We claim that the set {x; : 1 € N}
has finitely many elements. Otherwise, we can construct a subsequence of (y,) that is
also a subsequence of (x,). Indeed, let ¢(1) := min{k, : n € N} and 6(1) be such that
(1) = kg(1)- Let ¢(2) := min{k, : k, > ¢(1)+1and n > 6(1) + 1}. This latter set must be
non-empty by the assumption that {x; :n € N} takes infinitely many values. Proceeding
by induction we can construct strictly increasing ¢,0 € NY such that ¢(n) = ko(n) for all
n € N. This would imply that yg(,) = Xy is @ subsequence of both y, and x,,. This is a
contradiction since there does not exist a converging subsequence of x,,. u

Claim. Vn € N,de, > 0 such that B(x,,€,)NT = {x,,}.

Proof. Fix n € N and assume by contradiction

Ve>0, B(x,e)NT ={x,}

Choosing € = 1 we get the existence of y; € T with y; # x,,. Choosing € = 1/2, we get
the existence of y, € T such that y, # x,,. By induction, we can construct a sequence (y)

39



University of Minnesota. Math Refresher Lecture Notes.

that converges to x,,. By the previous claim, this sequence must take finitely many values.
This is impossible since it converges to x,, and never coincides with x,,. |
The set T is a closed subset of S. It is then compact. Observe that

C:={B(x,,€,):neN}

is an open covering of T. Therefore, there must exist a finite sub-covering of T. This
implies that at least one term of the sequence must be repeated infinitely often. In that
case, we can extract a constant subsequence equal to this term, a contradiction. ]

Completeness

We start by re-stating the definition of a Cauchy-sequence in terms of distances:

Definition 82. Let (X, d) be a metric space. A sequence (x,) € X" is called a Cauchy sequence
if
Ve>0, dNeN, Vnp>N, d(xn,xp) <e.

Definition 83. A metric space X is said to be complete if every Cauchy sequence in X con-
verges to a point in X.

Lemma 11. Let T # 0 and B(T) be the space of bounded real functions from T to R. B(T) is
complete.

Proof. Let f, € B(T)" be a Cauchy sequence’

Ve>0, ANeN, Vu,p>N, dy(fuf)<e sup{lfu(x)—fo(x):xeT}<

Fix t € T. Since |f,(t) - f,(t)] < € we get that (f,()) is a Cauchy sequence. Since R is
complete (f,(t)) admits a limit. Let f(¢) := lim f,,(¢)

Claim. f is bounded®.

Proof. Let p=N.

Ifu(t) = In(t)l<e=VYn>=N, fy(t)-€e<fu(t)<fn(t)+e

By the triangle inequality:

€ > fu(t) = IN(OI 2 [fu (O] = Ifn ()] = Ifu(t)] < |fn ()] + €

Passing to the limit when n — oo and using the fact that |.| is continuous we get that:

fOl<e+]fn(t)

> This is a sequence of bounded functions from T to R. Since this is a very abstract object we will use the fact
that the real numbers are a complete metric space and work with the images of the functions.

6 We are being very picky here... We picked a sequence on bounded functions and passed it to the limit
for a given t € T. Now we want to show that this limiting function is also bounded.
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sup|f(t)| <e+suplfy()) W
teT teT

Claim. f, — f in the sup metric.
Proof. Since we have that |f,(t) - f,(t)| <e:

Ynp=N, VteT, If(0)-f(0]=dulfufy) <e
Passing to the limit when p — co we have:
VYn>N, VteT, |f,(t)-f(t)<e
N, dy(fuf)=suplf-fil<c

In the final step of the above proof we just used the fact that since a property is valid for
any t € T, it must be valid for the sup. O
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Class 8

Continuity
Definition 84. f : X — Y is continuous at x if, and only if,
Ye>0, 36>0, f(Bx(x,0))CBy(f(x)e€)

or equivalently,
Ve>0, 36>0, Bx(x,0)< f ' (By(f(x)€))

Proposition 19. A function f : X — Y is continuous at x if, and only, if

VV eOy, fHV)eOx.

Proof. (=). Assume f is continuous and let V be an open subset of Y. We shall prove
that f~1(V) is open. Fix x € f~1(V). It must be the case that there exists y € V such that
v = f(x). Since V is open, e > 0 such that By(y,e) C V. Since f is continuous, 36 > 0 such
that Bx(x,8) C f~1(By(f(x),€)). We just proved that an open ball centered in an arbitrary
element of the counter-domain is a subset of the pre-image f ! (V). Since x was arbitrary,
we got the desired result.

Proof of (). Assume that f~!(V) is open in X for any V € Y. Fix x € X and € > 0.
By definition By(f(x),€) € Oy. Since f~!(V) € Ox we must have that f~}(By(f(x),€)) €
Ox. Note that x € f~1(B(f(x),€)) and f~1(B(f(x),€)) is open 3 > 0 such that Bx(x,) C
FLBy(f(x),€)). =

Theorem 7. Let f : X — Y be a continuous function. If S is a compact subset of X, then f(S)
is a compact subset of Y.

Proof. Let C be an open covering of f(S). Denote by D the following class:
D:={f1V):VecC)

Note that D is a class of open sets (since f is continuous) that covers S. Since S is compact,
there must exist a finite Dy C D that covers S. Since each element of D is the pre-image
of some element in C, we can write Dy such as:

Dy :={f1(V): V eCf)

For some finite Cf C C. Since:

sclJr'o
CECf
We conclude:
f(S)C U C= Ucf
CGCf
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We just showed that when a function is said to be continuous sets in the domain and in
the image preserve some topological properties (pre-image of open/closed sets will also
be open/closed). We now introduce a characterization of a continuous function using
sequences.

Proposition 20. f : X — Y is continuous if, and only if,

VxeX, (x,)eXY, limx,=x=limf(x,)= f(x).

Proof. (=>). Fix x € X and (x,,) € (X)" such that limx,, = x. We claim that lim f(x,,) = f(x).
Fix € > 0. Since f is a continuous function we must have that 36 > 0 such that Bx(x,9) C
fY(By(f(x),€)). Since x, — x we know that there exists N € N such that ¥n > N, x,, €
Bx(x,0). This implies that f(x,) € By(f(x),€) by continuity. We have thus proved that

lim f (x,) = f(x).

Proof of (). Assume by contradiction that dx € X such that f is not continuous at x.
Jde>0, Vo0>0, f(Bx(x,0)CY\By(f(x)e)
Take o := 1/n and we get the existence of x,, € Bx(x,1/n). Such that f(x,) ¢ By(f(x),e).

However, x,, — x and by assumption f(x,) — f(x), which is a contradiction. H

Theorem 8 (Weierstrass Theorem). If X is a compact metric space and f : X — R is contin-
uous, then there exists x,y € X such that

f(x)=sup f(X) and f(y)=inff(X)

Proof. Note that since f(X) CR and f(X) # 0, by Lemma (5) we know that A(p,,) € [f(X)]N
such that limy, = sup f(X). For each n € N, there exists x,, € X such that y,, = f(x,,). Since
X is compact, there exists 1 € NN strictly increasing such that limxy,) = x. Since f is
continuous, we can thus conclude that lim f (xy,)) = f(x):

sup f(X) =limy, =limyy,) = lim f (xy) = f(x)
u

This is a very important result. As we will see in the optimization problem (and during
your first year) most economic models are written as optimization problems. Typically,
some version of the Weierstrass theorem will ensure the existence of a solution. We now
provide some examples to illustrate the importance of the assumptions of the theorem.

Example. Let D :=R,, C R and define f : D — R as f(x) = x. Even though f is a
continuous function the domain is clearly not compact since the positive real numbers
are unbounded. Hence, the supremum is not well defined in R.
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Example. Let D :=(0,1) C R. Note that f is continuous and D is an open interval, so it
is not compact. The supremum is not an element of D: Vx € D, there exists x* € D such

that f(x*) > f(x).

Example. Now consider D :=[0,1] C R a compact set, and define f(x) = xT¢(,1). This
function is not a continuous function in one point of the domain.

Fixed Points

*

Definition 85. For a given function f € RX a fixed point x* is such that f(x*) = x*.

In more general spaces, if a map maps some point to itself, this point is called a fixed
point. This is a very important object and is frequently used in numerous applications in
economic models.

In this section, we start with some simpler versions of fixed-point theorems and provide
useful examples building on top of it.

Brouwer Fixed Point Here we state and prove a simple version of Brouwer’s fixed point
in the reals.

Theorem 9 (Baby Brouwer Fixed Point). Let [a,b] C R be a closed interval and f : [a,b] —
[a,b] be a continuous function. Then, f has a fixed point.

Proof. Define g as g(x) := f(x) —x. By continuity of f, g is continuous. Note that since
f(a) € [a,b] we must have have that g(a) > 0. If g(a) = 0 we already have a fixed point, so
assume it is not the case: g(a) > 0. For the same argument, we must have that g(b) < 0.
Since g is continuous, 1x* € [a, b] such that g(x*) =0, or f(x*) = x". O

There are other ways of proving more general versions of Brouwer’s fixed point, but for

us to do that we would have to cover Sperner’s Lemma (for example), which is not in the
scope of this course.

Banach Fixed Point This may be one of the most general and useful theorems to be
used during your first year and is used to prove the convergence of the value function in
dynamic programming problems, largely used in modern macro and 10 models.
Definition 86. V : X — X is said to be a contraction if 3 € (0,1) such that:

VxyeX, d(V(x),V(y))<pdxy)
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. @ V)

d(x, y)

To gain some intuition over this definition consider the case of real functions f € R¥
and assume f to be a contraction mapping. We want to take some element x € R and
observe the behavior of the sequence (x, f(x), f(f(x)),...). The contraction property tells
us that this sequence happens to be a Cauchy sequence, and as we already proved, Cauchy
sequences converge in complete metric spaces (which is the case of the real numbers).

Theorem 10 (Banach Fixed Point). If V : X — X is a contraction on a complete metric space,
there exists a unique x* € X such that V(x*) = x*.

Proof. Fix x € X and let (y,) be defined by:

V1= V(x) and Vn+1 := V()

Observe that Vn e N:
Yy = Vn(x): [VoVo-'-oV](X)Z

We claim that (y,,) is a Cauchy sequence. Indeed, let p > n:
d(VP(x), V" (x)) d(VP(x), VP (x)) + -+ d( V" (x), V" (x))
<pPA(V(x),x)+ o+ rd(V(x), x)
< (P44 pM)A(V (x), x)

< [i/ﬁt
t=N

Note that since € (0,1) the term in the sum converges to zero and (y,,) is Cauchy. Since X
is a complete metric space we know that y,, — x* € X (this will be our fixed point). Then

X d(V(x),x)
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for any e there must exist N € N such that d(x",y,) < 5 for any n > N and hence

d(V(x),x*) <d(V(r) Xy ) + (91, x°)
=d(V(x), V()
< BA(x",9y) + d (Y1, %)

€ €
<5+3
We just proved the existence of the fixed point of a contraction and now proceed to prove
uniqueness. Assume that another 3% € X such that V(%) = £. Since V is a contraction
mapping:
d(x",%) = d(V(x), V(%)) < pd(x", %)

This is true if, and only if, d(x, X) = 0. O

This is a significant result since any contraction in a complete metric space has a unique
fixed point. According to Proposition (11) bounded functions are a complete metric
space. Hence, a contraction on the space of bounded real functions has a unique fixed
point.
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Class 9

Problem Set 2
Real Functions
Exercise 1. Prove that if f is continuous at x, then |f| is also continuous at x.
Proof. We need to show that
VieT\{x}, [t—x|<o=|f(t)-If(x)ll<e

which is exactly the definition of |f| is continuous at x. We know that since f is continuous
16> 0st,
VEeT\[x), |t-xl<d=>f(t)-f(x)l<e

By the triangle inequality
Ve T\{x}, [t-x|<o=[f()I-If () <If ()= f(x)
[l

Exercise 2. Take any —co <a < b < oo and let f € RI*’], Prove f is a continuous bijection,
then f~! is a continuous bijection defined on f([a, b]).

Proof. Proof. Recall that f~!: f([a,b]) — [a,b] is the function satisfying
f_l of = Id[a,b] and f f = Idf (a,b]) -

In particular, f~! is also a bijection. Fix an arbitrary y € f([a,b]). We want to show that f~!
is continuous at y. Since f is bijective, there exists a unique x € [4,b] such that y = f(x)
Let (y,) be a sequence in f([a,b])\{f(x)} that converges to y. Again, since f is bijective,
for each n, there exists a unique x,, € [4,b] such that y,, = f (x,,). Observe that x,, # x since
v, # f(x). We want to show that (f‘l (yn)) converges to f (), or, equivalently, that (x,,)
converges to x. We propose to use Lemma which states that a sequence converges if and
only if any subsequence has itself a subsequence that converges. Fix an arbitrary strictly

increasing function ¢ : N — N. The sequence (x(p(n)) admits a converging subsequence
since it belongs to the compact interval [a,b]. Therefore there exists ¢ : N — N strictly
increasing and real number x(¢) such that

lim x(poz,b( n = X((p)

n—o0

Since f is continuous, we have that

lim f (xgpop(n) ) = f(x(@)).

n—-o0

Since f( Xpo(n ) Yoop(n) and (y,) converges to y, we deduce that f(x(¢)) =y = f(x)
Since f is injective, this 1mplies that x(¢) = x is independent of the choice of ¢. We can
deduce from Lemma (6) that (x,,) converges to x, or, equivalently, that (f_1 (yn)) converges
to f7H(®). O
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Exercise 3. Is f(x) =1/x uniformly continuous? Prove or Disprove.

Proof. Is is not uniformly continuous if we take consider the interval (0, o). It is enough

to show that,
de>0stVo>0, dx,ye(0,00)s.t. [x—y|<dbut|f(x)-f(y)=>e.

Chose € =1 and let y = 5. Then, Jx st,

gl=3 <o f@- =121

Exercise 4. Prove Lemma (8)

Proof. Fix some x € [a,b]. Since [a,b] is a convex set, there exists some A € [0, 1] such that
x = Aa+(1-A)b. Since f is concave:

f(x) = f(Aa+(1=A)b) > Af(a) + (1 - A)f(b) > min{f (a), f (b))

We just proved that m := min{f(a), f (D)} is a lower bound of the set f([a,b]) which means
that inf f([a, b]) > —c0. O

Exercise 5. Let [4,b] € R and f € RI*"] be a concave function. Prove that

sup f([a,b]) < oo

Proof. Recall that we have already proved that m := min{f(a), f(b)} is a lower bound of
the set f([a, b]). Denote c:= 5 + %
Fix x € [a,c] and note that c € [x,b]. Therefore, there must exist a € [0,1] such that ¢ can
be written as:

c=ax+(l-a)b

Note that since ¢ is the mid-point of [a,b] and x € [4,c] we must have that a > 1/2:

a x ¢ b
SN LA

Note that x is closer to ¢ than b, then @ > —

M| =
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By concavity of f:

[f(x)—m]= f(x) < 2f(x) = m

N | =

fle)=m=zalf(x)-m]+(1-a)f(b)-m] =

Now fix v € [c, b] and note that c € [4,y]. Again there must be the case that dJa €[0,1] such
that:
c=(1-a)a+ay

By the same argument as before:

[f(x)—m]= f(y) < 2f(c)—m

N | =

flo)=m=(1-a)f(a)-m]+a[f(y)-m]>

We have thus proved that M := 2f(c)—m is an upper bound of f([a,b]) which implies that
sup f([a,b]) < . O

Exercise 6. Prove the Lemma (9).

Proof. Note that we can write

For some a € [0, 1], or analogously:

c—-b
a =
c—a
By concavity of f:
fb)zaf(a)+(1-a)f(c)
f(b)=f(a)>(1-a)[f(c)- f(a)]
f(b)=f(c)z-alf(c) - f(a)]
But since 1 —a = (b—a)/(c—a):
fO)-fla)_ fO-f@ _ flO-f) _flo-f@
b-a —  c-a c-b T c-a

Exercise 7. Let I be an open interval and f € R! be a concave function. Prove that for
every [a,b] C I, there exists K > 0 such that:

Vx,y €la,b], |f(x)-f(¥)l<Klx-y|

A function that satisfies this property is said to be locally Lipshitz.
Hint. Use Lemma (9)
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Proof. Since I is an open interval the exists € > 0 such that [a—€,b+€]CI. Let x,y € [a,]]
and assume without loss of generality that x < y: a—e€ <a < x <y, we can thus apply
Lemma (9) twice to get:

e
We thus conclude that:
‘f(y)—f(x) S { fla)=fla-e) f(b+e)—f(b)|}
y—-x |~ € ’ €

Exercise 8. Let I be an open interval and f € R!. Show that if f is concave, then it is
continuous.
Hint. Use Exercise 7

Proof. Since I is an open interval, there exist a and b such that x € (4,b). By Exercise 6,
there exists K > 0 such that:

Vx,y €lab], |f(x)-f(@)I<Klx-y|
Fix € > 0. Choose ¢ := ¢/K, then € = K. Therefore:

Ix-yl<é=|f(x)-f(¥)I<Ko=¢

Metric Spaces

Exercise 9. Define the closed ball as follows:
Bx(x,€):={yeX:d(x,p) <€}
Prove that the closed ball Bx(x, €) is closed.
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Proof. Let Y := X \ Bx(x,€). Fix y € Y. Since v ¢ Bx(x,e) we have that d(x,y) > €. Let
a:=d(d,y)—e. We shall prove that Bx(y,a) C Y. Let z€ Bx(x, a):

d(x,9) <d(x,2z) +d(z,p)
This means that:

d(x,z) > d(x,9)-d(z,v) >d(x,v) —a = e = z & Bx(x,€)

O
Exercise 10. Prove that in the discrete metric any subset is closed and open.
Proof. Let S C X. We claim that S is open. Fix x € S, pick € = 1, then B(x, 1) := {x} C S, then
S is open. Now we claim that X\ S is open. Fix y € X\ S and note that B(y, 1) := {y} C X\ S,
which implies that X \ S is open and then S is closed. O

Exercise 11. Provide a counter-example in which the intersection of open sets is not
open.

Proof. Take X =R and let:

Ci={(-1/m,1+1/n):neN} = ﬂc =10,1].

Exercise 12. Prove that S is closed in X < ¢I(S) = S.

Proof. This is very similar to Proposition (14) but adapted to the definition of the closure
(instead of the interior). ]

Exercise 13. Prove that x € c[(S) <= Ve > 0 we have B(x,e)NS =0

Proof. (=). Let x € cl(S). Fix € > 0. If B(x,e)NS =0 then S € X \ B(x,€). Since X \ B(x, €)
is a closed set, it must be the case that c/(S) C X \ B(x, €). But since x € cI(S) we have that
x € X \ B(x,€) which means that x ¢ B(x,e) which is a contradiction. We thus conclude
that B(x,e)NS = 0.

(). Assume that for any € > 0 we have B(x,e)NS = 0. If x ¢ cl(S) then x € X \ cl(S)
(which is an open set). Therefore, de > 0 such that B(x,e) C X \ cI(S). In particular, we
have that B(x,e) N cl(S) = . This is a contradiction since S C cl(S). O
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Exercise 14. Prove that

xebd(S)e==Ve>0,B(x,e)NS=#0 and B(x,e)NX\S=0

Proof. Use Exercise (5) with Proposition (15) ]

Exercise 15. For any subset S of a metric space X. Prove that the following statements
are equivalent.

1. xecl(S)
2. Every open neighborhood of x intersects S
3. There exists a sequence in S that converges to x

Proof. (1) = (2). Let V be an open neighborhood of x € X. This means that V is open
and x € V. Suppose by contradiction that V NS = (. This means that S € X \ V. Note
that the set X \ V is closed and by definition c/(S) C S, therefore cI(S) C X \ V. But since
x € cl(S) it must be the case that x € X \ V, which is a contradiction since we assumed
xeV.
(2) = (3). For any n € N, the open ball Bx(1,1/n) is an open neighborhood of x € X. It
follows from (2) that s, € Bx(1,1/n) N S. The sequence (s,) € SN converges to x.
(3) = (1). Assume that (s,) € SV that converges to x. Assume by contradiction that
x €V :=X\cl(S). Since cl(S) is closed V is open, then de > 0 such that B(x,e) C V. But
since s,, — x, there exists N € N such that Vn > N, s,, € B(x, €). In particular, we have that
sy € SN V. We thus conclude that sy € S and sy € cl(S), which is a contradiction.

O

Exercise 16. Prove using sequences that if f : X — Y is continuous and S C X is a com-
pact set, then f(S) C Y is a compact set.

Proof. To prove that f(S) is compact we show that any sequence in f(S) admits a subse-
quence that converges in f(S). Let (v,) € f(S)N. For any n € N there exists s, € S such that
v, = f(s,). Since S is compact, Ap € NN strictly increasing, and s € S such that lim Sp(n) = S-
Since f is continuous we deduce that lim f (sy(n)) = f(s). O
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Exercise 17. Let S # (0 be a closed subset of R". Fix x ¢ S. Prove that there exists y, € S
such that:
d(x,S):=inf{d(x,y): vy € S} =d(x,vy)

Hint: the set S is not necessarily compact! You have to “create” bounds for it...

Proof. Fixy € S and pose T :={y € S: d(x,y) < d(x,y)}. We have that inf{d(x,y): vy € S} =
inf{d(x,y) : y € SN T}. We now apply the Weierstrass Theorem for metric spaces and get
the existence of yp,. [
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Class10

Matrices: Basic definitions

Definition 87. An (n x k) matrix A is a rectangular array of objects,

app a2 - arg
. .
A= 21
anl Y Y ank nxk

where n is the number of rows and k is the number of columns.

The entry in the i'" row and j' column of a matrix A is sometimes referred to as the (i, )
entry of the matrix, and commonly denoted by 4;;. Alternative notations for that entry
are Ali,j]and A; ;.

Definition 88. Two matrices are equal, if and only if,

A:BQCZZ"]' :bi,j Vl,]

Definition 89. Let A be an n x m matrix and AT be an m x n matrix. We say that A" is the
transpose of A, if and only if,
T ..
al’]:a]’l Vl,].

Definition 90. The sum (A + B) of two m x n matrices A and B is calculated entry-wise:

(A+B);j=A;j+B;j wherel<i<mand1<j<n.

i,j’

Definition 91. The product (cA) of a number ¢ € R, and a matrix A is computed by multiply-
ing every entry of Aby c:
(CA)I‘,]' =C 'Ai,j

This operation is called scalar multiplication.

Definition 92. If A is an m x n matrix and B is an n x p matrix, then their matrix product
(AB) is the m x p matrix whose entries are given by,

n

(AB); j = @i 1by j+ @i by j+ -+ @by = ) a;,by
r=1

Proposition 21. Let A and B be matrices and c be scalar. Then the following properties hold:

1. The operation of taking the transpose is an involution
T
(A7) = A

54



University of Minnesota. Math Refresher Lecture Notes.

2. The transpose respects addition
(A+B)T =AT+ BT
3. The order of the factors reverses
(AB)T = BTAT

Proposition 22. Whenever the size of the matrices is such that the various products are defined,
matrix multiplication satisfies:
(AB)C = A(BC)

(A+B)C=AC+BC
C(A+B)=CA+CB

Definition 93. A square matrix is a matrix that has an equal number of rows and columns.

Definition 94. The identity matrix, denoted by 1, is a square matrix with ones on the main
diagonal and zeros elsewhere.

The n x n identity matrix I is denoted as:

1 0 - 0

01 - 0
In: .

0 0 1

Definition 95. A square matrix A is symmetric, if and only if, A = AT.
Definition 96. A square matrix B is idempotent, if and only, if

B=B2=RB3...

Linear systems

Linear algebra is the branch of mathematics concerning linear equations such as:
ajx; +---+a,x, =b.

A general linear system of m equations in n unknowns can be written as:

a1 Xy tapXx, +--t+ayux, = bl
A1 X| +axXy + -+ +dyux, = by (2)
Au X1+ appXy+ -+ aAyuuXy, = bm

In (2) the a;; and b; are given real numbers. We say that a;; is the coefficient of the

unknown x; in the i equation.
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Definition 97. A solution to (2) is an n-tuple of real numbers (xq,x,,...x,), which satisfies
each of the m equations.

For a linear system such as the one above, we are interested in answering the following
three questions:

1. Does a solution exist?
2. How many solutions are there?
3. Is there an efficient algorithm that computes actual solutions?
It makes sense to simplify the representation of a linear system by writing two matrices,

Definition 98. The coefficient matrix associated with the linear system of equations (2) is

given by,
al ain . A1n
dz1 4z azn
A= .
A1l Qw2 --- Amn

Definition 99. The augmented matrix associated with linear system of equations (2) is given

by,

a aip ... a1y bl
A a; dyy ... 4z, | by
A=| . . .

Aml Ao oo G | by

Proposition 23. There are three types of elementary row operations that may be performed on
the rows of the augmented matrix that do not change the solution set to (2):

1. Swap the positions of two rows.
2. Multiply a row by a non-zero scalar.
3. Add to one row a scalar multiple of another.

Therefore, if one’s goal is to solve a system of linear equations, then using these row
operations could make the problem easier.

Definition 100. A row of a matrix is said to have k leading zeros if the first k elements of the
row are all zeros and the (k + 1) element of the row is not zero.

Definition 101. A matrix is in row echelon form if each row has more leading zeros than the
row preceding it.

Definition 102. The first nonzero entry in each row of a matrix in row echelon form is called
a pivot.
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Definition 103. A row echelon matrix in which each pivot is a 1 and in which each column
containing a pivot contains no other nonzero entries are said to be in reduced row echelon form.

Definition 104. We call the Gauss-Jordan Elimination the process of using the three elemen-
tary row operations to convert a matrix into reduced-row echelon form.

Definition 105. We say a row of a matrix is nonzero if and only if it contains at least one
nonzero entry.

Definition 106. The rank of a matrix is the number of nonzero rows in its row echelon form.

Let A be the coefficient matrix and let A be the corresponding augmented matrix. Note
that rank(A) < rank A.

Proposition 24. A linear system of equations must have either no solution, one solution, or
infinitely many solutions.

Proposition 25. A system of linear equations with coefficient matrix A and augmented matrix
has a solution if and only if
rank A =rank A.

Proposition 26. If a linear system has more than one solution, it has infinitely many.

Proposition 27. If a system of linear equations has more unknowns than equations, it must
have either no solution or infinitely many solutions.

Definition 107. A homogeneous system of equations is a linear system of equations (2) such
that b] = 0, V]

Proposition 28. A homogeneous system of linear equations that has more unknowns than
equations must have infinitely many distinct solutions.

Definition 108. For a square matrix A, if there exists B s.t. BA = AB =1, then we say that A
is non-singular, and B is the inverse of A. We use A™! to denote the inverse of A.

Proposition 29. If A and B are square matrices such that AB =1, then BA = 1.
Proposition 30. Let A be a square matrix. If A is non-singular, then it has a unique inverse.

Proposition 31. Let the coefficient matrix A be non-singular; then the corresponding linear
system has one and only one solution for every choice of right-hand side (by,...,b,,) in (2).

Proposition 32. Let A be a non-singular matrix. Then (A‘1 )/ = (A
Definition 109. Let A be a 2x2 matrix. The determinant of a 2x 2 matrix ( ? Z

by det(A), and is defined as
a b
det( c d )

and the determinant of a 3 x 3 matrix is

) is denoted

a b
c d

':ad—bc.

=aei+bfg+cdh—ceg—bdi—afh.

R ™S
=0
N‘\Hﬁ
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Vectors

Definition 110. Let R" is the set of all lists of length n of elements of R :
R" = {(xl,...,xn) :x; €ER for j = 1,...,n}.

For (x1,...,x,) € R" and j € {1,...,n}, we say that x; is the j™" coordinate of (x1,...,x,).
Definition 111. Addition of x,y € R" is defined by,:

X+y=(x1+V1,.., X, + V).
Definition 112. Substraction of x,y € R" is defined by,:

X=Y= (X1 = Y1, s Xy = V)
Definition 113. Scalar multiplication of x e R" by A € R is defined by,

Ax = (Axqy,..., Ax,).

Definition 114. Let 0 = (0,...,0) denote the list of length n whose coordinates are all 0.
Definition 115. V is said to be closed under addition if (vi +v,) €V, Vv, v,eV.
Definition 116. V is said to be closed under scalar multiplication if \v e V, Vv,leV xR.

Definition 117. Let V be a set closed both under addition and scalar multiplication. In order
for V to be a vector space, the following conditions must hold for all elements x,y,z € V and
any scalarsr,s e R :

1. Commutativity:
X+y=y+x

2. Associativity of vector addition:

(x+y)+z=x+(y+2z).

3. Additive identity:
O+x=x+0=x.

4. Existence of additive inverse:
x+(—x)=0.

5. Associativity of scalar multiplication:

r(sx) = (rs)x.

6. Distributivity of scalar sums:
(r+s)x = rx + sx.
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7. Distributivity of vector sums:
r(x+y)=rx+ry.

8. Scalar multiplication identity:
Ix=x

Definition 118. Elements of a vector space are called vectors.
Definition 119. A subspace is a vector space included in another larger vector space.

Definition 120. The dot product of vectors u,v € R" is given by,
U-v=ujv|+uyvy+--+u,v,.

Any two vectors u and v in R"” determine a plane, as illustrated in the next figure,

//

\ /
\\f

In that we can measure the angle 6 between u and v.

,
AN
\\

/

Theorem 11. Let u, v be two vectors in R". Let O be the angle between them. Then,
u-v=|lull |[v|| cos(0).

Proof. Refer to Simon and Blume, "Mathematics for Economists”, page 216. O
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Class 11

Linear Independence

Sets are often described as solutions to a system of equations. If there are finitely many
solutions, the exact number of solutions gives a satisfactory answer. If there are infinitely
many solutions, the size of the solution set is best captured by its dimension. In this chap-
ter, we will give a precise definition of “dimension” for linear spaces. The key underlying
concept is that of linear independence:
Definition 121. The line generated or spanned by the vector v € R" is given by
Llv]={rv:reR}

Definition 122. Let {vy,..., vy} be a fixed set of k vectors in R". The set spanned by vy,..., vy
is given by

[«[Vl,...,Vk] = {C1V1 +...FCVE:iCl,...,Ck € R}

Definition 123. For any set V in R" we say that {vy,v,,..., vy} spans V, if and only if,

V C L[vq,Vy,..., V]

Example: Take 2 vectors v; and v, in R3. Let’s analyze the 2 possible cases:

1. v; is not a multiple of v,. In this case L[vy,v,] will be a plane in R3.

Llvy, vl

X3

X1

2. v; is a multiple of v,. In this case £[v;,v,] will be a line in R3,
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X2

Llvy, vy

X

X3

Definition 124. Vectors vq1,Vy,..., Vi € R" are said to be linearly dependent, if there exist
scalars ay,a,,...,ax, not all zero, such that

ajvy+avo+---+apvi =0.
Equivalently we can state the definitions in terms of linearly independent vectors:

Definition 125. vy,v,,..., v, € R" are said to be linearly independent, if given by, b,,..., by €
R,
blvl +b2V2+"'+kak =0= bl,bz,...,bk =0.

Lemma 12. If each of the vectors yo,y1,...,Ym € R" is a linear combination of the vectors
X1,...,Xm € R" then the Yj s are linearly dependent.

Proof. Proceed by induction on m. Starting with m =1, let yy = agx; and y; = a1x;. If
either ag or a; are equal to zero then the y; ’s are linearly dependent (we make the coeffi-
cient associated with the zero vector positive). Otherwise, if both ay and «a; are different
from zero, note that agy; — a1yy = aga1x1 — @1 apx; = 0, implying linear dependence.

Assume that the claim holds for m = k — 1, that is, if each of the vectors yo,y1,...,Yk-1 € R"
is a linear combination of the vectors Xy,...,xx_1 € R" then the y; s are linearly dependent.
We want to show that if each of the vectors yo,yy,...,yx € R" is a linear combination of the

vectors Xy,..., X € R" then the y; ’s are linearly dependent.

In other words, we want to define Yj ’s as:

k
Yj:ZCYini, j:O,l,...,k
i=1

and show that the y;j ’s are linearly dependent.
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If there exist one j such that all a;; are equal zero, then we know that is enough to show
linear dependence. Now assume that not all the a;; ’s are zero for every j. Without loss
of generality, say a1y # 0 and define, for j = 1,...,k,

z =y Oéljy ZOK i (0( alfa )
i—=Yi——Yo~— ijXi— zoxl—Z ij — — &0 | Xj-
) ) 10 L ] — L ] 10

But now each of the k vectors zq,...,zj is a linear combination of the k—1 vectors x,,...,Xy.

By the induction hypothesis, the z; ’s are linearly dependent, that is, there exist numbers
B1,-.., Pr, not all zero, such that f1z; + - + frzyx = 0. But since

k k k
— _ Yo
0= Zl,ﬁjzi = ;ﬁﬁ’j " an ;ﬁj%‘
]= ]= =

It follows that the y; ’s are linearly dependent. O

Example: Every vector in R" is a linear combination of ey, ..., e, - where
e;=(0,...,0,1,0,...,0)
has a 1 in the i th place and zeros elsewhere for every i. Putting differently
Lleq,...,en] =R"

We can conclude that every collection of n + 1 vectors is linearly dependent by Lemma
(12).

Corollary 2. Every system of n homogeneous linear equations in n+1 unknowns has a nonzero
solution.

Proof. Consider the system of homogeneous equations given by

ajowo+...+ay ,w, =0
aj oW +...+ Ay Wy = 0

apowo+...+a, ,w, =0

we can also rewrite this as,

n
ZCKZ‘]'WJ'ZO, Vi:l,...,n.
j=0
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Let a; = (011]': an]-) for j = 0,...,n (Note that these are the coefficients associated with
the columns of the linear system of equations). These are n+1 vectors in R", so by the pre-
vious paragraph, they are linearly dependent. Therefore, there are numbers w, w,,...,w,,
not all zero, such that

but notice that this can be rewritten as,

n

Z(alj,...,an]’)'lf}j = O,

=0

n

Z(aljwj,...,anju?j) = 0,

j=0

n n
Z’OCUHA)],,ZO[”]UA}] = (0,...,0),
j=0 j=0

i.e., the numbers W, wy,...,w, are a nonzero solution of our n homogeneous equations.
O]

Remark: (2)can be extended to n equations in any number of unknowns greater than .

Note that if we have a spanning set of vectors, we can always include any linear combina-
tion of the vectors to the set and still span the same original set. For the sake of efficiency,
if {v1,vy,..., vk}, we would like the smallest possible subset of {v,vj,..., vy} that spans V.

Definition 126. Let S C R", the rank of S is the maximum number of linearly independent
vectors that can be simultaneously selected from S.

Definition 127. If the rank of S is r then any set of r linearly independent vectors from S is
called a basis of S.

Lemma 13. Let S C R" and let xq,...,x, be r linearly independent vectors. The vectors
X1,...,X, € S are a basis of S, if and only if, every vector in S is a linear combination of the

)

X; S.

Proof. [<=] Suppose that every vector y € S is a linear combination of the x; ’s. By Lemma
(2), S contains no larger set of linearly independent vectors, since any set of more than
r vectors must be linearly dependent by virtue of being linear combinations of the x; ’s.
Therefore, S has rank r and the x; ’s form a basis of S.
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[=>] Suppose that the x; ’s form a basis of S. By definition of basis, for any other vector
y € S, the collection {y,xy,...,x,} is linearly dependent, implying

r

agy + Zal-xi =0

i=1

2

for some scalars «ag, ay,...,@,, not all zero. Moreover, ay = 0, since otherwise the x; ’s
would be linearly dependent. Therefore,

1 r
y= “ag Zaixi

i=1

and vy is a linear combination of the x; ’s, as claimed. O

By Lemma (13), the vectors ey,..., e, form a basis of R", as does any collection of n linearly
independent vectors.

Definition 128. The number k of vectors in every basis of V is called the dimension of V.
Definition 129. The column space of matrix A is the span of its column vectors.
Definition 130. The row space of matrix A is the span of its row vectors.

Definition 131. Let A be a matrix. The column rank of a matrix, colrank(A), corresponds to
the maximal number of linearly independent columns of A

Definition 132. Let A be a matrix. The row rank of a matrix, rowrank(A), corresponds to the
maximal number of linearly independent rows of A

Lemma 14. Let A be a m x n matrix, then rowrank(A) = colrank(A).

Proof. Let r be the row rank and s the column rank of a given matrix

d11 0 g
A=
Om1 = Omn
For a contradiction, suppose that r < s. Choose a row basis for A. Reordering rows if
necessary, assume that the row basis consists of the first r rows of A, labeled al,... a.

Likewise, choose a column basis for A, which, by reordering columns if necessary, we
may assume consists of the first s columns of A, labeled ay,...,a;.
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Let @' = (a;1,..., ;) be the vector consisting of the first s entries of the i th row of A. Since
r <s, by Corollary (2), constructing a system with more unknowns than equations,

a1y +...+a15y5 =0
A1Y1 +... +ApsYs = 0

anyr+...+a,p;=0

we know that a nonzero solution vector 7 exists.

Furthermore, since {al,...,ar} form a row basis for A, by Lemma (13), for every row ak

there exist numbers Sy, ..., f;x such that

at = Zﬁikai: k=1,...,m.

i=1

Truncating the last n —s — 1 entries from each vector in the equations above implies

therefore
r r
@'y = [Zﬁikﬁl]ﬁ =) Bu(d'g)=0, k=1,.,m
izl 1:1
Letting ¥ = (9y,...,7s), we rewrite this result for a clear exposition as,

(a11,...,a15) - (P1,..,95) =0
(a211--'1a25)'(371!"-1}75) =0

(aml’”-rams)'(?ll---fps): 0

then

(allﬁl +...+a9) =0
(a1 +...+4ax7) =0

(amlpl +...+ amsﬁs) =0

which in terms implies that,
S
) 9 =0
j=1
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But this implies that the column vectors ay,...,a, are linearly dependent, which contra-
dicts the assumption that they are a basis.

A symmetric argument exchanging the roles of rows and columns yields the inequality
s >r, whence r = s, as was claimed. O

Corollary 3. If the vectors ay,...,a, € R™ are linearly independent then for any numbers
V1s---» Vn there is a vector y € R™ such that

Ya; =y, j=1,...,n

Proof. Let A be the matrix whose columns are ay,...,a,. Note that each row in this matrix
has n elements. By Lemma (14), the rows of A have rank #, so if the vectors al,..., a" form
a row basis of A (after reshuffling of rows, if necessary) then they constitute n linearly
independent vectors.

By Lemma (13), since the n rows span R”, every vector ¢ = ()1,..., ;) is a linear combina-

tion of al,...,a", that is,
n
_ 1
c= E nia
i=1

for some numbers 74,...,1,.

Reorganizing this system of equations yields precisely y; = ya; for j = 1,...,n, as required,
with the vector vy = (771,...,%,,0,...,0). O

Now, we will move on to state and prove Farkas’ lemma. This key result underpins the
linear programming duality and has played a central role in the development of mathe-
matical optimization.

Theorem 12. (Farkas) Given A € R™" and b € R™, either (i) there exists x € R" such that
Ax = Db, or (ii) there exists y € R" such that yA = 0 and yb = 1, but not both.

Proof. First, let us see that (i) and (ii) cannot both hold simultaneously. Otherwise, there
would exist vectors x and y such that Ax = b,yA = 0 and yb = 1. Multiplying by p gives,
though, 0 = 0x = yAx =yb=1.

Next, let us show that if (i) fails, then (ii) must hold. To this end, let a4, ...,a, be a column
basis for A. Since, by hypothesis, there is no x such that Ax = b, it must be the case
that the vectors ay,...,a,,b are together linearly independent, otherwise there would be
a solution x to Ax = b. By Corollary (2) , there exists a vector y such that ya; = 0 for
j=1,...,s and yb = 1. But since the vectors ay,...,a; form a column basis for A, every
column vector a; can be written as a linear combination a; = Aja; +--- + Aya,, therefore
vay =y (Aap +---+ Asag) = Ayyay; + -+ Agyag = 0 for k = 1,...,n. In other words, yA =0
and yb =1, i.e., (ii) holds, as required. O]
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Class 12

Linear Programming

A linear programming problem is a mathematical optimization technique used to find
the best possible outcome in a situation where linear relationships exist among different
variables. It involves maximizing or minimizing a linear objective function subject to a
set of linear constraints.

Definition 133. A linear programming problem can be represented in the following form:
Sup,: c1x;+Cxp+...+ Xy
ay Xy +apxy+...+apx, < bl

ar1X1 +dpyXy+...+dr, X, < b2

A1 X1 + A2 X + oo+ Xy < by,
x120, x>0, ..., x,2>0.

Here:
* x =(x1,xp,...,%,) represent decision variables.
* c=(cy,Cp,...,c,) are coefficients of the objective function.

* a;j are coefficients of the constraint inequalities.

* b=(by,by,...,b,) are constants on the right-hand side of the constraints.

Example 2: A workshop produces widgets and gadgets. It costs $2 and takes 3 hours
to manufacture a widget. It costs $4 and takes 2 hours to produce a gadget. The work-
shop has $220 and 150 hours this week to allocate for manufacturing these products. If
each widget sells for $6 and each gadget sells for $7, then what is the optimal production
strategy to maximize profit?

Let w represent the number of widgets produced, and let g represent the number of
gadgets produced. Collectively, these constraints form a system of inequalities:

2x1 +4x, <220

3x1 + 2x, <150
x>0
xy > 0.
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Where we want to find the supremum of the objective function given by:

p(x1,v) = 6x1 + 7x5.

Note that we can write any linear programming problem using matrix notation.

Example: Define (A,b,c) st,
V =sup{cx: Ax < b}

x>0

c=[6 7], x:[gl A:B ;Ll b=[f§8]

As we shall see, every linear programming program has another intimately related one-
they come in pairs.

where:

Definition 134. Fix (A,b,c) such that A € R™", b € R™! and c € R". The primal is the
linear program,
V =sup{cx: Ax < b}

x>0

And the dual is the linear program,

W= lergg{yb :yA>c).

where x € R™! and y e R,

Definition 135. A linear program is in "standard form” if it looks like a primal or dual for
some (A, b, c).

It is easy to see that every linear program is expressible in standard form.

Example: Associated with the primal of the example previously discussed, the dual is,

W= ;Izlg{yb 1 YA >cl.

where y =[y; ¥,]and (A,b,c) are the same as before.
Definition 136. A linear program is called infeasible if its constraint set is empty.

By convention, we say that V = —oo if the primal is infeasible and W = +co if the dual is
infeasible.

Definition 137. Any feasible vector is called a feasible solution.
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Before we move on, we state a slightly different version of Farkas Lemma that the one we
proved in class.

Theorem 13. Given A € R™" and b € R™, either (i) there exists x € R" such that x > 0 and
Ax < b, or (ii) there exists y € R such that yA > 0 and yb <0, but not both.

We now state a theorem showing and important relationship between the primal and the
dual of a linear programming problem.

Theorem 14. (Weak Duality) V < W for any triple (A, b, c).

Proof. If the primal is infeasible, then V = —c0, so necessarily V < W regardless of W, and
if the dual is infeasible then W = +c0; again V < W.

Now assume that neither the primal nor the dual is infeasible. That is, there exist vectors
x € R"and y e R" such that x,y > 0, Ax <b and yA > c.

This implies that (b — Ax) > 0. Multiplying by v > 0 gives yp(b — Ax) > 0, or yb > pAx.
Similarly, multiplying (yA —c) > 0 by x > 0 gives (yA —c)x > 0, or pAx > cx. Collecting
these inequalities yields,

—oo <cx <yb<oo, for every feasible pair (x,p).

By taking the supremum of the LHS of cx < yb with respect to feasible x given yb, we
arrive to,
V<yb<oo

Taking the infimum of the RHS of cx < yb with respect to feasible y given x we arrive to,
—co<cx < W.
Taking the infimum of the RHS of V < yb with respect to feasible y yields,
VW,
O

The proof of Theorem (14) above suggests a classification of linear programs into three
kinds:

* Infeasible (I).
* Feasible and Bounded (B).
* Feasible and Unbounded (U).

The only possibilities for a primal and its dual are those described in Table 1 below.
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I |+ W
Primal B v
U

We now provide some of the proofs that allow us to complete the table.

Proposition 33. If the primal is infeasible, then the dual is either infeasible or unbounded.

Proof. If the primal is infeasible, then there does not exist a vector x > 0 such that Ax <b.
By Farkas’ Lemma, there exists a vector y > 0 such that yA > 0 and yb < 0. If the dual is
infeasible, the proposition is proved, so suppose that the dual is feasible. For any feasible
dual solution z and any A > 0, the vector z + Ay is also feasible, since z+ Ay > 0 and
(z+ AY)A = zA+ AyA > c+ AyA > c. Moreover, (z+ Ay)b = zb + Ayb is unbounded: since
yb <0, for any bound K € R there exists A large enough that zb + Ayb < K. [

Proposition 34. If the dual is bounded, then its primal is bounded.

Proof. The contrapositive of Proposition (33) is this: if the dual is bounded then its pri-
mal is feasible (Could be bounded or unbounded). We know that the primal cannot be
unbounded by Theorem (14), hence both primal and dual are bounded. O

Proposition 35. If primal is feasible but unbounded, then the dual is infeasible.

Proof. If the primal is feasible but unbounded, then V = +co. If its dual were feasible,
this would contradict Theorem (14). Moreover, since the dual is infeasible, W = +c0. [

Proposition 36. If dual is feasible but unbounded, then the primal is infeasible.

Proof. If the dual is feasible but unbounded, then W = —oco. If its primal were feasible,
this would contradict Theorem (14). Moreover, since the primal is infeasible, V = —c0. [J

Theorem 15. (Strong Duality). Unless both the primal and the dual are infeasible, V = W.
Moreover, both the primal and the dual have optimal solutions whenever either is bounded.
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Proof. Given our previous results, we just need to analyze the case where the primal and
the dual are bounded.

By Farkas’ Lemma, primal feasibility implies that there is no vector u > 0 such that uA > 0
and ub < 0, whereas dual feasibility implies that there is no vector v > 0 such that Av <0
and cv > 0. Call these the primal and dual feasibility conditions.

Given that both primal and dual are feasible, we must show that their values coincide;
that is, there exist vectors x,y > 0 such that Ax < b,yA > c and yb < cx. By Theorem 1, the
inequality cx < pb already holds.

Let us now collect these inequalities into a single system. Define z = (x,y’) € RU+mx1 g =

(b,—c’, 0) c R(m+n+1)x1 and B e R (m+n+1)x(n+m) by

A Ome
B=| 0™ A
—C b’

By construction, there exists a vector z > 0 such that Bz < d, if and only if, the primal and
dual values coincide at x and y, respectively.

By Farkas Lemma, either this system of inequalities holds or there is a vector w > 0 such
that wB > 0 and wd < 0. Writing w = (u,v’, ) € RIx(m+n+l) where A € R, the inequalitie
wB > 0 disaggregates into,

uA-Xc>0, —-vA'+Ab' >0,

and wd < 0 disaggregate into,
ub-v'c’ <0,

or equivalently
uA>Ac, Av<Ab, ub<cv.

We will now show that there does not exist a vector w > 0 that satisfies these inequalities.

To see why, suppose that w = (u,v’, 1) satisfies the system. If A > 0 then, dividing by A
and substituting 1 = u/A > 0,9 = v/A > 0 into the system of inequalities above gives

uA>c, Av>Db, 1db<cv.

This contradicts Theorem (14), as it states that there is a primal feasible solution i and a
dual feasible solution ¥ such that weak duality fails. Therefore, A > 0 leads to a contra-
diction. If instead A = 0, the inequalities above become

uA>0, Av>0, ub<cv.

But this contradicts the primal and dual feasibility conditions since they stipulate that
ub>02>cv.
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Therefore, the alternative to these inequalities must hold; in other words, there exist pri-
mal and dual feasible solutions whose values coincide.

By weak duality, these variables are optimal for the respective linear programs in which
they are feasible. ]

Theorem (15) and its proof facilitate the analysis of linear programs substantially. To find
an optimal solution, it is enough to find feasible primal and dual solutions with the same
value. Moreover, to guarantee strong duality, that is, V = W, it is enough to establish that
either the primal or the dual is feasible.
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Introduction to Convex Analysis

Linear Operators

Definition 138. Let X and Y be two linear spaces. A function L : X — Y is called a linear
operator if
L(ax+x") = aL(x)+ L(x)

forall x,x’ € X and a € R.

We can expand the above definition and write it for any finite set T C X and any A € RT

L[ZA(x)x] = Z/\(X)L(x)

xeT xeT

Definition 139. A real-valued linear operator L : X — R is called a linear functional on X.

Example. For any m,n €N, let A = [a;;],1x, € R™" be a matrix. Consider L:R" — R™
defined by:
L(x):= Ax

n n
Zaljx]-,..., Zamjxj

Where
Ax =

Example. Let L:R"” — R. L is said to be a linear functional if, and only if, there exist
real numbers a4, ..., a, such that:

VxeR", Lx)=axj++a,x,=a-x

Definition 140. A subset H of a linear space X is a hyperplane in X if, and only if,
H={xeX: L(x)=a}
for some a € R and a non-zero linear functional L on X.
The hyperplane H induces two closed half-spaces
{xeX: L(x)=2a} and {xeX: L(x)<a}
And two open half-spaces
{xeX: L(x)>a} and {xeX: L(x)<a}
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Convex Sets

We now recall the definition of a convex set.
Definition 141. A subset S of a linear space X is said to be convex if

Vx,peS, VYAe(0,1), Ax+(1-A)yeS

Remark. The set of elements between x and y is said to be the line segment between x
and y.
{zeX: z=Ax+(1-1)y, Ae[0,1]}

The line through x and v is the set
zeX: z=Ax+(1-1)y, AeR}

Lemma 15. The intersection of convex sets is a convex set.

Proof. Let C be the class of convex subsets of X. Denote by C* := ((C. Let x,y € C*
arbitrary and A € (0,1). Fix an arbitrary C € C. Since C is convex, we have Ax+(1-A)y € C.
Since this is true for any C € C, we get that Ax+ (1 -1)y € C". O

Definition 142. Fix S any set in a linear space X. The convex hull of S is the smallest convex
set containing S.

Remark. Putting it in mathematical terms, let S denote the class of all convex subsets
of X that contain S:
S§:={CCX: SCC, Cisconvex}

The class S is non-empty since it contains X. Observe that the set ()S is the smallest
convex set containing S. In other words, we have co(S) = S.

S co(S) ; ) co(S)

S is convex. S is not convex

@
S is not convex. S 1s not convex.
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Proposition 37. If T = {xy,...,x;} is a finite set, then
k k
co(T) = {Z/\,-x,- © (Ap..o A eRE and Zai - 1}
j i=1

Proof. Denote by A(T):={1eRT: Y _-A(x)=1}thesimplex of T. Let

C:= {ZA(x)x e A(T)}

xeT

Fix an arbitrary t € T. Choosing A := 1y, we get that ¢ € C. It then follows that C contains
T. Let’s prove that C is convex. Fix y,z € C and A € (0,1). There exist A), € A(T) and

A, € A(T) such that
Y= Z/\y(x)x and z= Z/\Z(x)x

xeT xeT
It then follows that
A+ (1=A)z= ) [AAy(0)+ (1= )A(0)]x

xeT

=:p(x)

and we get that Ay + (1 — 1)z € C since y € A(T). By definition of the convex hull (the
smallest convex set that contains T), we have co(T) C C (since C is convex and T C C).
Let’s prove the converse inclusion. Fix y € C. There exists A € A(T) such that

Y= ZA(x)x

xeT

Let D be an arbitrary convex set containing T. Since D is convex, it must contain y’. We
have thus proved that C C D. Since this is true for any convex set D containing T, we get

that C C co(T). O]

Definition 143. For any convex subset S of a linear space, we have
aff(S)={Ax+(1-A)y: AeR and xypeS)
Definition 144. A non-empty subset C of a linear space X is said to be a cone if
YA>0, ACcC

Definition 145. If C + C C C it is said to be a convex cone.

7 Note that x1,x, € T = x;,x, € D €, take A € (0,1), then Ax; + (1 —A)x, € D.

75



University of Minnesota. Math Refresher Lecture Notes.

. 2
Convex cones in R”

e prE

Sets in B? which are not cones

Give an example of a non-convex cone!
Lemma 16. If X is a linear space and L : X — R is a linear functional, then
(xeX: L(x)>0)

1S a convex cone.

Proof. Take y,z € X such that L(y) > 0 and L(z) > 0. Since X is a linear space we must have
that y + z e X. Then L(y + z) € R. Finally, using linearity L(y + z) = L(y) + L(z) > 0. O

Proposition 38. A non-empty subset S of a linear space is a convex cone if, and only if,

Z/\(x)x )

xeT

for any non-empty finite subset T of S and any A € RT

Proof. (=). Fix@=T CSand A eRT.
Ax)x=) Az x
D

::’,{ ::y
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Indeed, y € S since S is convex. Since S is a cone we must have uy € S.
(). Take x,y € S and p € (0,1). Since for any non-empty subset T C S we must have
that ) ,er A(x)x € S this must hold for T :={x,y} and A := 1, p+ 1,(1 — p) and:

Z/\(z)z =ux+(1-p)yes

zeT

We thus conclude that S is convex. Now let £ € R,. Define A := {1, and note that by
assumption Ax € S, then S is a cone. O]

Separating Hyperplanes

Consider A and B two non-empty subsets in a linear space X, and a linear functional
L: X — R. We write L(A) > L(B) to denote

L(a) > L(b), V(a,b)e AxB
Observe that L(A) > L(B) if, and only if, there exists a € R such that
L(a) > a>L(b), VY(a,b)e AxB
The above property is denoted by
L(A) > a > L(B).
We write L(A) > L(B) to denote
L(A)>L(B) and L(x)>L(y) forsome (x,y)eAxB

Theorem 16 (Strict Separating Hyperplane). Suppose that B C R" is convex and closed and
that x # B. Then there is p € R" with p # 0, and a value c € R, such thatp-x>candp-y<c
for every y € B.

Before proceeding with the proof of the theorem note that “there exists p = 0” is basically
the same as saying “there exists a non-zero linear operator L : R” — R” since taking a dot
product with p is indeed a linear operator. Therefore, we could have said that L(x) > ¢
and L(y) < c for any vy € B.

Figure 5.3: Convexity is important
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Figure 5.4: Xmpty intersection is important

2

Figure 5.5: Strict separation

Proof. Let p = x—y, where we refer to y € B as the point in B closest to x. Also, let ¢’ =p-y.
Note that

p-x-c=px-py=p-(x-y)=(x-p)(x-y)=lx-y[*>0
Also, note that for any z € B the vectors p and z -y cannot make an acute angle, that is,

p-(z—y) =p-z—c’<0. Finally, let ¢ = ¢’ + € where € > 0 is small enough for p-x>c’+e=c¢
to hold.

y: Point in B Closest to x

P
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Theorem 17 (Supporting Hyperplane Theorem). Suppose that B C R" is convex and that
x & int(B). Then, there is p € R" with p # 0 such that p-x > p -y for every y € B.

Proof. Suppose x ¢ int(B). It is intuitive that we can find x,, — x such that, for all m, x,,
is not an element of the closure of the set B. By the Separating Hyperplane Theorem, for
each m there exist a p,, # 0 and ¢,, € R such that

pm'x>cm2pm'})

for every y € B. WLOG we can suppose that ||p,,|| = 1 for each m. Thus, extracting a
subsequence if necessary we can assume that there is p # 0 and ¢ € R such that p,, — p
and c,, — c. Taking the limits in the above inequality we get that

p-xzcz2p-y

for every y € B
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Class 14

Problem Set 3

Exercise 1.

Definition 146. The set Y exhibits constant returns to scale if y € Y implies ay € Y for any
scalar a > 0.

Definition 147. The set Y exhibits nonincreasing returns to scale if for any y € Y, we have
ay €Y forall scalars a € [0, 1].

Definition 148. The set exhibits non-decreasing returns to scale if for any y € Y, we have
ay €Y forany scale a > 1.

Definition 149. Suppose that y € Y and y’ € Y, if the set Y satisfies additivity y+y’ €Y.

Definition 150. If the set Y is convex and satisfies constant returns to scale we say that the
set is a convex cone.

1. Provide an example of a set that satisfies (148) but not (147)
2. Provide an example of a set that satisfies (147) but not (148).

3. Provide an example of a set that is not convex but satisfies the additivity property.

To illustrate the third case,

ra

How do we formalize this set? Hint: use a floor function and show that the desired
properties hold.
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Exercise 2 Prove or Disprove the following proposition:

Proposition 39. The set Y satisfies additivity and the nonincreasing returns condition, if and
only if, Y is a convex cone.

Proof. The definition of a convex cone directly implies the nonincreasing returns and
additivity properties. Conversely, we want to show that if nonincreasing returns and
additivity hold, then for any y,9’ € Y and any @ > 0, and § > 0, we have ay + By’ € Y.
To this effect, let k be any integer such that k > Max{a, f}. By additivity, ky € Y and
ky’ € Y. Since (a/k) < 1 and ay = (a/k)ky, the nonincreasing returns condition implies
that @y € Y. Similarly, By’ € Y. Finally, again by additivity, ay + fy’ € Y. O

Exercise 3 Consider the production set given by:

Y = {(yl,yz,yg,) 91 20,9, <0,p3 < min{\/—_yl,\/—Zyz}}

Verify whether Y exhibits nondecreasing returns to scale, nonincreasing returns to scale,
or neither.

Proof. To show that the production set does not exhibit NDRS, take the point (-16,-8,4)
and A = 4. You will find that A(-16,-8,4) = (-64,-32,16) ¢ Y.

To show that the production set does exhibit NIRS, we want to show that for any y € Y,
and for any 0 < A <1 we have that Ay € Y.

For that we need to show only that:

Ays < min{\/—/\yl, \/—2)\3;2}

SinceyeY,and A€(0,1):

Y3 < min{\/__}’l' \/Tyz}
Ays < Amin{y=51,/~29,}
< VAmin {v=91, v=23,}
= min {VAy=p1, VAy=2p,}
= min {y=Ay1, -2,

O
Definition 151. We use x V y to denote the supremum and of two vectors x,y € R}. That is,
xVy = (max{xy,y;}, max{xy, po},...,max{x,, v,}),
Definition 152. We use x Ay to denote the infimum of two vectors x,y € R}.That is,
XAy = (min{x;, p1}, min {x3,95},...,min{x,, y,}),
Definition 153. Function f : R — R is supermodular if
fxvy)=fx) = f(y) - f(xAyp)

for every x,y € Rl
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Exercise 4

1. Show that the Leontief function f : R2 — R, where f(x) = min{x;, x,} is supermod-
ular.

Proof. Take any x = (xq,x;) and v = (y1, ¥2).

First, note that,

f(xVvy) =min{max{x;, vy}, max{x,,y,}} > max{min{x, x,}, min{y;, v,} = max{f(x), f (v)}.
Then, note that

f(xAy)=min{min{x;,y;}, min{x;,y,}} = min{xy,y;, %7, >} = min{f (x), f (v)}

Combining these equation yields,

fxvy)+ fx Ap) 2 min{f (x), f(y)} + max{f(x), f(¥)} = f(x) + f (9)-
]

2. Show that the Leontief function f : R} — R, where f(x) = min; {a;x;} with @ > 0 is
super modular.

Proof. We want to show that f(x VvV y) > max{f(x), f(y)}. To show this, note that,
f(xVy)=min{a;max{x;y;})
> min{a;x;} = f(x)
1

By following the same steps we are able to show that,

fxvy) = f(y).
Combining both results yields,

f(xvy) zmax{f(x), f(y)}.

Next, we want to show that f(x A y) = min{f(x), f(y)}. To show this, note that,

min{f(x), f(y)} = min{min{a;xy,...,a,x,}, min{a;y,,...,a,9,}}
= min{min{a;xy,a;y1},..., min{a,x,,a,v,}}

= mil‘l {al- min {xi;yi}}
=f(xAy)
]

3. Give and example of a strictly increasing function in R,? — R that is not supermod-
ular.

f(x,y)=In(x+p)
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Exercise 5. Watch the following sequence of videos (Click here).

Exercise 6. Consider two closed and convex production sets Y;,Y, ¢ RF such that 0 € Y;
and 0 € Y,,

si(p):={y'eY:py'2py, VyeY.
and

7 (p) := sup py.
yeY

Prove that Y; C Y, if and only if 7}(p) < 75(p) for every p € RL.

Hint: A duality property holds for a closed and convex set K € R" :

K={xeR":px<pux(p), Vp)

Hint: You have two convex sets in this problem. Moreover, if you negate one of the directions
of this proof you get that: Ap € R such that 1} (p) > 70 (p)

Exercise 7. Let Y C R! be a finite set, Y = {yl,y2,...,y”}. Let Y be the convex hull of

Y, that is the set of all convex combinations of production plans y!,...,p". Further, let
Ty, Sy, Ty, and s§, be the associated functions defined in the previous exercise for Y and

Y, respectively.

1. Show that 7y, = 71}, for every p € RE,

Proof. Proving this requires two auxiliary claims. Begin by noting that Y c Y, and
thus Vp € RL, since py is being maximized over a larger set, iy 2 1y (p). Now take

any p € R and consider 7} (p). Note if 7}, (p) = oo, then it must be that 7, (p) > Ty

If 7y (p) # oo, then sy (p) # 0 and thus we can write 1ty (p) = py* where y* € s} (p).
Also note that V9 € Y, we can write D= Z?:l aiyi where @ € A". Then by definition,

py* =1y (p) =suppy
yeY

which implies,

therefore,
my(p) = py* = 7y (p)-

Combining these results, in any case and Yp € R', we have 7}, = yse O
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2. Show that sy C s, for every p € RE. Show that the inclusion is strict for some price
vectors if n > 2.

Proof. Take any p € Rl and consider s} (p). Note if 7} (p) = oo, which by part (a)
implies 7t (p) = oo, then sy(p) = sy(p)= 0, so sy(p) C s3(p)-

Consider now when sy (p) # 0. Take any y* € sj(p) C Y and note by definition
my(p) = py*, and so by part (a), py* = 7}, (p). Thus, by definition, y* € s3(p) C Y.
Since p € RF and y* € s} (p) were taken arbitrarily, s} (p) C sy(p)Vp e RL,

If n> 2, we want to show that sy (p) C 53, (p) for some p € RE. Let > 2 and take any
p € R such that #s}, > 2 (e.g. p; = 0VI ). Take any y,,v, €sy(p) C Y and any A € [0,1]
such that Ay, + (1 -A)y, =p, € Y but vy € Y. We know this value of A € (0,1) exists
since Y is finite. Further, since py, = py, = 7}, (p) we know that py, = 7cj,(p), so by
part (a), py) = n’;}(p) and thus y, € s}(p) cY. O

Exercise 8.

Definition 154. Let the Kernel of a linear operator L be defined as follows
Ker(L):={xeX: L(x)=0}

Prove that a linear operator L: X — Y is injective if, and only if, Ker(L) = {0}.

Proof. (=). First note that we must have that L(x + 0) = L(x) + L(0) = L(x). Let x € Ker(L),
then L(x) = L(0) = 0, but since L is injective we must have that x = 0.

(). Let x,x” € X such that L(x) = L(x’). By linearity L(x—x’) = 0, then x —x" € Ker(L), but
since the Kernel is a singleton we must have that x = x’. O]

Exercise 9. Show that a convex set S is contained in one of the open half-spaces induced
by a hyperplane in a Euclidean space X if, and only if, SN H =0

Proof. Recall that H is a hyperplane of X if, and only if, there exists a non-zero linear
function L: X > Rand @ € Rsuchthat H={xe X: L(x)=a}. Fix a convex set S of X.

* First, assume that S is contained in one of the open half-spaces induced by a hyper-
plane H,say S Cc {x e X: L(x) < a}. Then we obviously get that S N H = () since we
cannot have L(x) < @ and L(x) = a.

* Assume now that SN H = (. Assume by way of contradiction that there exists x € S
and there exists y € S with L(y) > a. Denote by f the real function on [0, 1] defined
by

Vte[0,1], f(t)=L(tx+(1-1t)y).
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Since L is linear, we have f(t) = L(y) + t[L(x) — L(y)] for all ¢. Let

T:.=

Liy)-a
L(y) - L(x)

We have 7 € (0,1) and f(t) = a. Let z:= 7x+ (1 — 7)y, and we get that L(z) = a, that
is z € H. Moreover, by convexity of S, we get that z € S. We have thus proved that
SNH #0, a contradiction

]
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Class 15

Differential Calculus
First Order Derivatives

Definition 155. A secant line (or simply secant) is a line passing through two points of a
curve.

Example: We define the secant between x and ¢ in the above figure as the function:

f(t)—f(x)z}

s(t,x)::{(z,y)eRxR: zeR, yp=c+ P—

The slope of the secant gives you the average rate of change of f from x to t. Let’s say
that the point ¢ shifts to the left. Naturally, the new secant will be different. We can thus
define the growth rate map Gy, : D\ {x} = R by:

FH-fx)

Gf,x(t):: o

Definition 156. Let f € RP where D C R. The function f is differentiable at x if, and only if,
there exists a linear function L, : R — R such that:

i (D= F () = Lyt =)

t—x t—x

=0

We call L, a derivative of f at x.

Definition 157. If L, € C(D) we say that f is continuously differentiable.
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Definition 158. The tangent of f at x, denoted by f is given by:

F(t):= f(x)+ Ly(t—x)

As t tends to x the secant tends to the tangent of f at x.

Fh = f(x) + Lo(t-2)
£ty

We just found a linear function that maps t € R to the elements in the tangent line of f at
x. The slope of this line is our geometrical notion of a derivative.

What is the n-dimensional equivalent of a tangent line? For instance, take R2. We want
to know whether there exists a linear function L, : R? — R such that:

o f(0 = ()= Ll =)

=0
t—x 1t —xll>

In this case the map t +— f(x)+ L,(t —x) is a hyperplane tangent to f at x, and the linear
operator L, is called a derivative.
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the hyperplane
tangent to f at x

We will thus state a refinement of our definition of a derivative to R".

Definition 159. Let f : R” — R. For any x the map is said to be differentiable at x if there is a
continuous linear operator L, : R" — R such that:

i F 0= F ()~ Li(t=2)

=0
t-x 1= I,

Definition 160. We call the linear operator L, : R" — R the derivative of f at x.

We have defined the derivative as a linear operator that helps to create a hyperplane tan-
gent to a point. To refine our geometrical intuition we will define a directional derivative.
Let .

e =(0,..., 1 ,...)

i-th entry

Definition 161. The i-th partial derivative of f at x is defined as
iy _
() _ . flrree)-f)

8xl~ €—0 €

Definition 162. We define the gradient of a function f at x to be

_(9fx)  If(x)
Vf(x)._( T )

The partial derivative preserves our geometrical intuition of a derivative in R. The way to
see it is “cutting a slice” of the function holding all j € {1,...,n} \ {i} entries of x constant
and computing the slope of f in the i-th direction.

But what is the relationship between the derivative and the partial derivatives of f?
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Lemma 17. Let S be any open set in R" and f : S — R. If f is differentiable at x, then all its
partial derivatives at x exists, and we have:

Lx(tll"-I tn) = Z agj(cX) ti (= Vf(x) -t)

i=1
forall t = (ty,...,t,) € R™.

In an intuitive way, L, is giving us the behavior of a function in the neighborhood of a
point x by moving in the direction of v.

Definition 163. Let S C R" be an open set. Suppose now f; : S — R for i = 1,2,...,k be
differentiable functions and t € R". Define f as follows:

f(tl,...,tn) = (fl(tl,...,tn),...,fk(tl,...,tn))
The Jacobian matrix of f at x is defined by

[ dfhilx) dAx) . dAX) ]
o0x; 0xy 0x,
9fr(x) . :
o= f (=] o
o) . I
dxy T

Proposition 40. Let S be an open and convex subset of R" and f : S — R be continuously
differentiable. Define F : (0,1) — R by

Vte(0,1), F(t):=f(tx+(1-1t)y)
The function F is differentiable in (0,1) and
Ve (0,1), F'(t):=vVf(tx+(1-t)y)-(x-p)

Implicit Function Theorem

The setting for the implicit function theorem (IFT) is as follows. Let X CR"” f : X — R and
Q CR™. We have an equation ® depending on n endogenous variables x = (xy,...,x,) and
m parameters g = (q1,...,qn):

f(x1,-o X591, 9m) =0

Suppose x = (Xy,...,X,) € X and § = (q,...,9,,) € Q are such that f(Xx,q) = 0. We are
interested in the possibility of solving for x as a function of g locally around g, formally:

8 This exposition could also be extended to allow 1 equations. For pedagogical purposes, we work on the
simplest case here.
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Definition 164. Suppose x € X and q € Q are such that f(x,q) = 0. We say that we can solve
f(x,q) = 0 locally at (x,q) if there are Bx(x,€) C X, Bo(q,0) € Q, and n uniquely determined
functions n; : Bx(x,€) — Bg(q, d) such that:

f(11(q),--,n4(q)) =0, Vqe€Bgy(q,0)

Y

() I¢24) (b)
The implicit function theorem gives a sufficient condition for the existence of the func-
tions 71; and tells us the first-order comparative statics effects of g on x at a solution.

Theorem 18 (Implicit Function Theorem). Suppose that f is continuously differentiable with
respect to its n+ m arguments and (X, q) is such that f(x,q) = 0. If the

Vf(%9) = (9f (%.3)/Ix1,.... Of (X,7)/9x,) # 0.

Then, the system can be locally solved at (X,q) by the function 1 : Bo(q,6) — Bx(X, €) that is
continuously differentiable. Moreover, the first-order effects of q on x at (x,q) are given by

Vqﬂ(ﬁ) = —[fo(f;ﬁ)]_l Vg f(x:79)
We now use the IFT to provide further geometrical intuition for the gradient of a function.

Theorem 19. Let f : R? — R be a continuously differentiable function on a neighborhood of
(x0,v0). Suppose that df (xg,v9)/dx = 0 and df (xy,vo)/dy = 0. Then Vf(xq,vq) is perpendicu-
lar to the level curve of f at (xq, 7).

Higher Order Derivatives

Let f be a function from the open set S C R" to R, as usual. Throughout this subsubsec-
tion, we assume f to be differentiable on S.

Suppose now that the derivative L, is itself differentiable at x, such that for each i, the
function df/dx; : S — R is differentiable at x. When this is the case we say that f is twice
differentiable at x, and we can apply the definition of the partial derivative with respect to
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el from the previous subsubsection to df/dx; to get the second order derivative denoted
by:

Pfx) ..
8x,~8x]~ V];tl
’f ..

1

Definition 165. Let f be a twice differentiable function from S to R. The Hessian matrix is
defined as

CPf(x) Pf) Pf(x) ]
ax% dx10xy o dx10x,
I’fx) P f(x)
Hf,x .= dx,0x 8x§
9*f(x) . *f(x)
0x,0x, oxt  luxn

Differentiable Concave Maps

Proposition 41. Let S C R" be an open and convex set. Let f : S — R be a continuously
differentiable function. Then, fis concave if, and only if,

Vx,p€S, f(p)-fx)<Vf(x)-(y-x)

Corollary 4. Let S C R" be an open and convex set and f : S — R be a continuously differen-
tiable function. Then f is concave if, and only if,

VxyeS, (Vf(p)-vf(x)-(r-x)<0

Subgradients

Definition 166. We say that vy is the right-limit of f at x if lim,_,, f(x,) = v for all sequences
D\ {x} such that x,, | x and denote y = f(x%)

Definition 167. We say that z is the left-limit of f at x if lim,,_,, f(x,) = z for all sequences
D\ {x} such that x,, T x and denote z = f(x")

To simplify our exposition let D be an open interval, therefore it has no endpoints.

Definition 168. The function f is said to be right-differentiable at x if Gy .(x") exists in R.
We then define the right-derivative at x as:

f+/(x) = Gf,x(x+)

Definition 169. The function f is said to be left-differentiable at x if Gy (x™) exists in R. We
then define the left-derivative at x as:

f_’ = Gf,x(x_)
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We can now adapt the definition of a derivative given in (156):

Definition 170. f is differentiable at x if it is both right and left differentiable at x and f](x) =
f(x).

But what if the left and right differentials don’t coincide at x? In this case, the derivative
doesn’t exist. If you look at the kink of the function f at x you can see that it has not
only one tangent at that point, but infinitely many. We will later define a special “set of
tangent lines”.

Definition 171. A vector p is a subgradient of f at x if

fx)-f@)<p-(x-y), YyeR"

Definition 172. The subdifferential of f at x, denoted by df (x), is the set of all subgradients
of f at x

Proposition 42. The subdifferential of a function f, df is closed and convex.
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Class 16

Correspondences

Definition 173. Let 2 denote the power set of Y, i.e., the collection of all subsets 0 Y.

Definition 174. A correspondence y, from X to Y, is a function from X to the family of subsets
of Y. We denote thisby y : X -»— Y.

Example: The Budget Set is a Correspondence. A consumer uses her income to buy
any combination of the L goods at given prices. Assume, prices are a vector in RL. Pos-
sible consumption choices are described by a vector in RL. Given prices and income, the
consumer can only choose combinations of the goods that she can afford:

L
{xeRﬁ:p-x:Zplxlﬁl}

I=1

Define y : X —»— Y where X := RL xR, and Y := R% as follows:

y(p.1)={xeRk:p-x =<1}
Definition 175. For a correspondence y : X —— Y, let Gry denote the graph of y, i.e.,

Gry ={(x,y) e XxY :p€y(x)}

Example: y;:R, »— Ris defined by
V1 (X) = I:—\/E, \/E]

the graph of the correspondence is:
Gry; ={(x,y) eXxY:pe [—\/E, \/E]}

Example: y,:R, —»— Ris defined by

l .
R

The graph of the correspondence is:

1
Gryzz{(x,y)eXxY: ye[O,;]ifx:cO, =0 otherwise}.
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Definition 176. Let y; : X ->— Y, and E C X. The image of E under y is defined by

y(E)={_Jr(x)

x€E

Definition 177. The upper inverse of F C Y under y, denoted y™*[F)|, is defined by
y*[F]={x€ X : y(x) C F}.
Definition 178. The lower inverse of F under y, denoted y~[F), is defined by
Yy [Fl={xeX:y(x)NF = o}.

Definition 179. A correspondence y : X —— Y is said to be upper-hemicontinuous (u.h.c) at
x, if for any open subset V, V. C Y, with y(x) C V, there exists € > 0 st,

y(a)cV, VaeB(x,e).

Example:

This correspondence is lower hemicontinuous everywhere, but not upper hemicontinu-
ous at x.

Definition 180. A correspondence y : X —— Y is said to be lower-hemicontinuous (L.h.c) at
x, if for any open subset V, V.C Y, with y(x) NV =0, there exists € > 0 st,

y(@)NV =0, VaeB(xe).
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This correspondence is upper-hemicontinuous everywhere, but not lower-hemicontinuous
at x.

Definition 181. A correspondence is called continuous if it is both upper and lower hemi-
continuous.

Definition 182. The correspondence y : E —— F is said to be closed at x when, x, — X,
v, € v(x,) and v, — vy, implies that,

y € yx).
Definition 183. A correspondence is said to be closed if it is closed at every point of its domain.

Definition 184. The correspondence y is said to be open if Gry is open.

What is the relationship between u.h.c and closed? A correspondence may be closed
without being upper-hemicontinous, and viceversa.

Example: Define,

_{/xp ifx=0
ﬂ@_{w} if x=0.

Defined in this way, y is closed but not u.h.c. Note that if we define y to be such that,

_|[0,1/x] ifx=0
7/(x)_{{o} if x = 0.

It would not be closed.

Example: Define y : R -— Rvia y(x) =(0,1). y is u.h.c but not closed.

Proposition 43. Let E C R"™, F C RF and let y : E —>— F. If F is compact, and y is closed,
then y is u.h.c.

95



University of Minnesota. Math Refresher Lecture Notes.

Proof. Suppose not. Then there is some x, and some open interval V C F, with y(x) C V, st
Ve >0, thereis a z € B(x,e) with y(z) ¢ V. Thus, we can find z, — x, y,, € y(z,) withy,, ¢ V
for all n. Since F is compact, {y,} has a convergent sub-sequence. Denote the limit point
of the subsequence y. Since V is open, V¢ is closed, impliying that y ¢ V and therefore
v € y(x). Since y is closed, we arrive to a contradiction. ]

Sequential Characterizations

Proposition 44. Let E C R™, F ¢ R¥ and let y : E —— F be a non-empty valued correspon-
dence,

1. If y is compact-valued, then y is uhc at x, if and only if, for every x, — x and y,, € y(x,,)
there is a convergent subsequence of vy,, with limit in y(x).

2. Then y is lhc, if and only if, x,, — x and y € y(x) imply that there is a sequence y,, € y(x,)
with v, — .

Proof. We will only cover the “only if” part of the second statement. Suppose y is not
l.h.c. Then, there exists x and an open set V C F, such that V N y(x) # 0, but for any open
neighborhood T of x, there exists a € T, st V N y(a) = 0. Take any convergent sequence
associated with this open neighborhoods T of x as in Proposition (43). Call this sequence
{x,,}, note that by construction, x,, — x. In addition, for any sequence {z,} such that z, €
¥(x,), we know that z, ¢ V. Since V° is closed, the limit point (If it exists) of {z,} is not
in V. This also implies that the limit point is not in {y : V N y(x)}. Given x, — x and any
y* € {y: VN y(x)}, there is not way of constructing v,, € y(x,) with y,, — p* O

Try to apply this characterization for the following example:

M

____/AfL/

r(x)
/j

Xy xp x

Figure 3.2

In this example we should be able to prove that x; is l.h.c and not u.h.c, while x; is u.h.c
but not L.h.c.
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Class 17

Optimization
First Order Conditions

In this subsubsection, we prove some properties that could have been proved in the Real
Functions chapter, but we chose not to for exposure reasons. Let f be a function from
D CR". Let (R",d,) be a metric space.

Definition 185. A point x € D is said to be a local maximum of f : R" — R on D if there is
€ > 0 such that f(x) > f(y), for any y € DN B(x,€). We do care about the constraint.

Example. Let D=[0,1]CRand f: R — Rbe f(x) =x. Is x =1 a local maximum on D?
Yes.

Now we state and prove a well-known calculus result, that the derivative of f must be
zero at every local maximum or minimum. Note that this is just a necessary condition
for a local maximum, but it is in no way also sufficient. That is, it doesn’t mean that some
point is an local maximum just because the derivative of f at that point is zero.

Example. Let f:R — Rbe f(x) = x> Is x = 0 a local maximum?

Example. Let f : R — R be f(x)=c for some c € R. Is there any local maximum?

Theorem 20 (First Order Condtion). Let f € RP be a differentiable function. Suppose that
x* € int(D) is a local maximum of f on D. Then Vf(x*)=0.

Proof. We start proving it for the simplest case where D C R"” with n = 1, then we gener-
alize it to a multivariate calculus context. Let (y,) and (z,) be two sequences converging
to x*, with y, < x* and z,, > x* for all n € N. Since f is differentiable:

)= f ()

n—oo0 Yy —X*

= f'(x")

Fix € > 0. Since both (y,) and (z,) converge to x* we must have that for n large enough
Y2y € B(x", €), and since x” is a local maximum: f(x*) > f(y,) and f(x*) > f(z,). We thus
have the following inequalities:

fon) =S () oo flan) = f()

Yy — X7 Z, —X*
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Passing to the limit when n — oo and using the Sandwich Lemma we get that f’(x*) = 0.
We now prove the same result for n > 1, that is, Vf(x*) = 0. Recall the definition of the
gradient: Vf(x) = (df/dxy,...,df/dx,). Let e; € R" be the i—th unit vector, that is, the
vector with a 1 in the i—th entry and zeros in all elsewhere. Fix i € {1, 2,...,n} and define
a real function g as follows:

g(t):= f(x" +te;)
Note that g(0) = f(x*). Moreover, for any ¢, — 0 we have that for each n e N:

8(ty)—g(0) _ f(x"+tyei) - f(x7)

b b
As n — oo the RHS of the above equation converges to df (x*)/dx;. Therefore, g is differ-
entiable at 0 and ¢’(0) = df (x*)/dx;. Note that d(x* + te;,x*) = |t|, so for t small enough
x* +te; € B(x", €). By the definition of the local maximum:

g(t)=f(x" +te;) < f(x7) = g(0)

This means that ¢ has a local maximum at 0. Then, by the n = 1 case we have that

8'(0)=9df (x")/dx; = 0. O

The intuition of the above condition and its proof is simple. If the function is at its local
maximum and the derivative is not zero moving to the left or to the right (depending
on the signal of the derivative) in the domain would increase the function’s value. If we
are in R" and any of the i € {1,2,...,n} derivatives are non-zero, going in this forward (or
backward) in this direction would increase the function’s value.

This is a good hint on what we need to ask for a function in economic models (profit,
utility, etc) in order to have uniqueness. In the next subsubsection, we add more structure
to the functions governing the constraints on our optimization problems.

Theorem 21 (Rolle). Let [a,b] € R and f € Cla, b] that is differentiable on (a,b).
fla)=f(b) =Tce(@b), fl(c)=0

Proof. Since f is continuous on [a,b] we can apply Weierstrass theorem to conclude that
there exists ¢, ¢’ € [a,b] such that:

fle)sfx)<fle) xelab]

If ¢,c’ € (a,b) (interior) then by the FOC proposition above we have that f’(c) = 0 and
f'(c’)=0.If c,c’ € {a,b} and f(a) = f(b) by assumption, we get that f is constant on [a, b],
then f’(c) = 0 for any ¢ € (a, b). O

Corollary 5 (“Baby” Mean Value Theorem). Let [a,b] € R and f € Cla,b] that is differen-
tiable on (a,b). There exists ¢ € (a,b) such that
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Proof. Let G: [a,b] — R be defined by:

b) —
c = £ -0 g
Observe that G(a) = f(a) and G(b) = f(a). By Rolle Theorem (21) we get that there exists
c € (a,b) such that G’(c) = 0. O

Theorem 22 (First Mean Value Theorem). Let D C R" be an open and convex set. Let f :
D — R be continuously differentiable. For any x =y € D, there exists z € co{x,y} \ {x,p} such
that

fxX)=f(@)=Vf(z)-(x-

Proof. Let F : [0,1] — R be defined by F(t) := f(tx+ (1 —t)y). The function F is differen-
tiable on (0,1). Applying the “baby” version of the MVT for functions in R, there exists
c€(0,1) such that F(1) — F(0) = F’(c). This means that

fx)=f@)=vflex+(1-0c)y)-(x-y)
Observe that z:= cx + (1 — ¢)y belongs to co{x, p} \ {x, y} O
Now we use the MVT to complete the proof of (4).

Corollary 6. Let D CR" be an open and convex set and f : D — R be a continuously differen-
tiable function. Then f is concave if, and only if,

Vx,peD, (Vf(y)-Vf(x))-(y-x)<0

Proof. We start with the proof of (=). Let x,y € D and f a concave function. By (41)
interchanging x and y we get that

Vi) -(v—x)<f(y f<Vf (¥ —x)
vf)f yx<0

We now prove the (&) part. Assume that
Vx,zeD, Vf(z)-(z—x)<Vf(x):-(z—x)
Let x,y € D. By the MVT there exists A € (0,1) such that

f@) = fx)=Vf(z)-(y~
Where z = (1 - A)x + Ay. Observe that z—x = A(y — x). This implies that

Vf@) (p=x)= 1V f@) (-0 < 19 F10) - (2=0) S TF) - (9-3)

We then get that
f@)=flx) <Vf(x) - (y ~x)

Since this is true for any x,y € D, by Proposition (41) we get that f is concave. O
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We now add some further structure to the objective function f. If f is strictly quasi-
concave the maximum of f is unique.

Proposition 45. Let D C R" be a convex set, and f € RP be a strictly quasi-concave function.
If f attains his maximum at some point in D, then this point is unique.

Proof. Suppose not, that is, x,y € D are both maximum of f. Fix A € (0,1). Since D is
convex it must be the case that z:= Ax+ (1 - 1)y € D. Since f is strictly quasi-concave:

f(2)>max{f (x), f ()}

Thus, we conclude that f does not attain its maximum on x nor y, a contradiction. O]

Second Order Conditions

Corollary 7 (“Baby” Second Mean Value Theorem). Let [a,b] € R. If f € RI%Y] is continu-
ously differentiable and twice differentiable on (a, b), then there exists ¢ € (a,b) such that

F0)= fla)+ f (@b~ a)+ 3£ ()b ~a)

Proof. Define g:[a,b] —» R by

(6):= F(6) = Fla) = f ()b~ 1)~ 5M(b -2

Where M is chosen such that g(a) = 0. Since g(b) = 0, we can apply Rolle’s Theorem (21)
to get the existence of ¢ € (a,b) such that g’(c) = 0:

g'(t)=(b-t)(M-f"(1))

We conclude that M = f”(c). O

Theorem 23 (Second Mean Value Theorem). Let D CR" and f : D — R be twice continu-
ously differentiable. For any x =y € D, there exists z € co{x,p} \ {x, y} such that

1
fE)=f3) = 9f()-(x=p)+ S (x=9) " [Hy](x -9)
Definition 186. The n x n matrix H is negative semidefinite if
z2THz<0

For all z e R™.
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Theorem 24. Let D CRR" and f : D — R be a twice continuously differentiable function. f is
concave if and only if Hy , is negative semidefinite for every x € D.

Proof. We argue only necessity. Suppose that f is concave. Fix x # z € D and with z # 0.
Define the function g : R — R as g(t) := f(x + tz). By the second MVT:

flx+tz)—f(x)=Vf(x)-(tz) = gZTHf,xﬂ;’zZ

Nonlinear Programming

Let @ # D C R"” be an open and convex set, f : D — R be a continuous function and
g=(21,9.--9):D— R’ be all differentiable functions. We refer to f as the objective
function. The functions g; will describe the [ inequality constraints of the optimization
problem and will be named constraint functions. This is the canonical nonlinear pro-
gramming problem:

max f(x) (NLP)

st:g(x)>0
xeD

By the Weierstrass theorem, we already know that a function attains its maximum in a
compact set. It follows immediately that if the constraint set C := {x € D : g(x) > 0} is
compact the problem (NLP) has a solution. Moreover, if f is strictly quasi-concave and
C is a convex set, this solution is unique. By Proposition (12), we know that C will be a
convex set under the assumption of (gy,..., ;) being quasi-concave functions.

Let x* € C denote the solution of (NLP). At this point, some of the constraints may hold
with equality, we call those constraints binding and some may hold with strict inequality
which we call slack. Let K c {1,2,...,1} denote the set of binding constraints at x* and
for ease of notation we denote |K| = k. Without any loss of generality, we reorder the
constraints to write:

gi(x) =0, i=1,....,k
gi(x)>0, i=k+1,...,1

Analogously we can write the following definition.

Definition 187. We say that x* € C satisfies the constraint qualification if x* achieves the
maximum of the following linear programming problem

maxVf(x")-x
st: Vg(x")-(x—-x")>0, Vie{l,2,...,k}

xeR"
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Some references state the following condition as a definition for a point to satisfy con-
straint qualification:

Definition 188. Denote gx = (gi)icx. We say that x* € C satisfies constraint qualification if
rank(Vgg(x*)) = k.

In the problem set, you will prove that Definition (190) actually implies Definition (189).

Theorem 25 (Kuhn-Tucker). Let f : R" — R and g; : R" — R be C! functions for all i €
{1,2,...,1}. Suppose x* is a local maximum of f on

C={xeR": g(x)=0,i=1,...,1}

And that x* satisfies constraint qualification. Then, there exists a vector A € R! such that the
following conditions hold

A >0 and A;gi(x")=0 Vi=1,...,1

)
VAE)+ ) Aive(x)=0 (KT)
i=1
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Class 18

Nonlinear Programming

Let @ # D C R"” be an open and convex set, f : D — R be a continuous function and
g=(21,9.--9):D— R’ be all differentiable functions. We refer to f as the objective
function. The functions g; will describe the [ inequality constraints of the optimization
problem and will be named constraint functions. This is the canonical nonlinear pro-
gramming problem:

max f(x) (NLP)

st:g(x)>0
xeD

By the Weierstrass theorem, we already know that a function attains its maximum in a
compact set. It follows immediately that if the constraint set C := {x € D : g(x) > 0} is
compact the problem (NLP) has a solution. Moreover, if f is strictly quasi-concave and
C is a convex set, this solution is unique. By Proposition (12), we know that C will be a
convex set under the assumption of (g,...,g;) being quasi-concave functions.

Let x* € C denote the solution of (NLP). At this point, some of the constraints may hold
with equality, we call those constraints binding and some may hold with strict inequality
which we call slack. Let K c {1,2,...,1} denote the set of binding constraints at x* and
for ease of notation we denote |K| = k. Without any loss of generality, we reorder the
constraints to write:

gi(x)=0, i=1,...,k
gi(x)>0, i=k+1,...,1

Analogously we can write the following definition.

Definition 189. We say that x* € C satisfies the constraint qualification if x* achieves the
maximum of the following linear programming problem

maxVf(x")-x
st: vgi(x')-(x—x")>0, Vie{l,2,...,k}
xeR"

Some references state the following condition as a definition for a point to satisfy con-
straint qualification:

Definition 190. Denote gx = (g;)icx- We say that x* € C satisfies constraint qualification if
rank(Vgg(x*)) = k.

In the problem set, you will prove that Definition (190) actually implies Definition (189).
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Theorem 26 (Kuhn-Tucker). Let f : R" — R and g; : R" — R be C! functions for all i €
{1,2,...,1}. Suppose x* is a local maximum of f on

C={xeR": g(x)>0,i=1,...,1}

And that x* satisfies constraint qualification. Then, there exists a vector A € R! such that the
following conditions hold

A >0 and A;gi(x")=0 Vi=1,...,1

)
VA)+ ) Aivgi(x)=0 (KT)
i=1

Proof. We rewrite the second expression in the Theorem’s statement in matrix notation:
V(x) + Vgi(x) - A = 0

Note that vg;(x*) = (dg;j/dx,...,d8;/dx,) € R" and V[ (x*) = (df/dxy,...,df/dx,) € R", the
Jacobian is thus a k x n matrix such that:

[ 981 981 ... 981 ]
ox; dx, ox,,
g .
Vg = axl
9B ... %%
L dx Ixy dgxn

Note that since x* satisfies constraint qualification:
Vi(x)(x"-=x)>0 and Vg(x)(x—x")>0
We can rewrite the above inequalities such as:
Vi(x) (x—x")<0 and -Vvg(x')-(x—x")<0
—_—— —_—

vi= a:= A=

Therefore we have v-a < 0 and Aa < 0. By Farka’s Lemma, it thus must be the case that
Iy € R¥ such that:

k
VF()+ ) pivg)=0
i=1
Now define A € R! such that:

/\i:: His 'izl,...,k
0, i=k+1,...,1
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We now show that the vector A satisfies the properties stated in the theorem. First, note
that since i € {1,2,...,k} are the binding constraints we must have that g;(x*) = 0. Second,
by definition of A; fori € {k+1,...,1} we have that A; = 0, then A;g;(x*) = 0.

It remains to be shown that A; > 0 for any i € {1,2,...,k}. Let z€ R" and 71 € R. Define the
function G = (Gy,..., Gy) from R"*! to R¥ by

Gi(vn) =g -1
Giy,n)=gy), Vi=1,..,k

Let VGy(y,77) denote the k x n derivative matrix of G with respect to the y variables alone,
and VG, (y,1) denote the k x 1 derivative vector of G with respect to 7. Note that since
we defined gg = (g1,...,8) we have that VG,(y,77) = Vgk(y). We also have VG, (y,7) =
(-1,0,...,0) at any (y,77). By the definition of G, we have that G(x*,0) = 0. Moreover,
rank(VG(x*,0)) = rank(Vgg(x*)) = k. Therefore, by the Implicit Function Theorem, there
is a neighborhood N of zero, and a C! function & : N — R" such that £(0)=x", and

G(&(n),n) =0
Differentiating this expression and using the fact that £(0) = x™
VGy(x,0)VE(0)+ VG, (x7,0)=0
Since VGy(y,0) = Vgk(y) and VG, (y,717) = (-1,0,...,0) the above expression turns into:
vk (x*) v E&(0) =(1,0,...,0)

Or equivalently:
vg(x) vE(0) =1
vgi(x")vE0)=0, i=2,...,k

Since A; =0fori=k+1,...,] we now have

VI(x)VE) =~ Z/\i Vgi(x*)] v &(0)

To complete the proof we will show that
VI(x)vEWD)<O0

To this end we firs show that there exists #* > 0 such that V# € [0,%") we must have
&(n) € C, where C is the constraint set of (NLP). If # > 0 then G;(&(r7),n7) =0fori=1,...,k
and from the definition of G; this means:

1(&(n)=n>0
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gi(&(n) =0, Yi=2,..,k

Fori=k+1,...,]l we have that g;(£(0)) = g;(x*) > 0. Since both g;(.) and &(.) are continuous,
it follows that by choosing 71 sufficiently small (say # € (0,%7)), we can also ensure that

gi(Em)>0 Vi=k+1,...,1

Now since £(0) = x* is a local maximum of f on D, and &(#) is feasible for # € [0, 1) it
follows that for # sufficiently close to zero we must have

f(x) = f(&()

Therefore:

For 7 sufficiently small. Indeed, taking 1 — 0 we get that

Vf(£(0)vE(0) <0
Or similarly Vf(x*) v £(0) < 0 and the proof is complete. ]

This is a very important result. For any local maximum x* that satisfies constraint quali-
fication, there exists a vector of Lagrange multipliers A such that (1, x*) satisfies the (KT)
conditions. However, until now it is possible that there are some pairs (A, x*) that satisfy
the (KT) conditions but for which x* is not a local maximum.

We will derive another version of it when the constraint functions g; are also concave.
Recall that the constraint set generated by concave functions g;(x) > 0 has an important
property: it is convex! The following result states that the first-order conditions of the
(KT) are both necessary and sufficient to identify optima of convex inequality-constrained
optimization problems.

Theorem 27. Suppose that f and g; are all concave and C' functions. If (A, x*) € C xR solves
(KT), then x* is a solution to (NLP).

Proof. Suppose that x* is not a solution to (NLP), that is, there exist ¥ € C such that
f (%) > f(x¥). Since f is concave:

V() (E=x) 2 f(%) - f(x) >0

We know that g;(x*) = 0 by construction and g;(%¥) > 0 for all i = 1,...,k since £ € C.
Concavity of the constraint functions implies that:

vgi(x") - (£ -x7) 20

Let A € R) be such that A;g;(x*) = 0 for any i = 1,...,1. Given that A; = 0 for i > k and
A;>0fori=1,...,k:

)
Z./\i Vgi(x) (£-x")>0
i=1
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Hence |
( v f(x")+ Zz\i Vgi(x*)) (£=x7)>0
i=1

Since ¥ — x* = 0, we conclude that
I
VF()+ ) AV gi(x)#0
i=1

Thus (A, x*) is not a solution to (KT) since it does not satisfy one of the requirements of
the theorem. Taking the counter-positive we get the result. O]

Geometric Interpretation

In this subsection, we use level curves to provide a geometrical intuition for the Lagrange
multipliers, and the constrained optimization problem itself. For exposition, we let n = 2
so we can draw level curves, and solve the following problem:

maximize f(x,p)
subject to  g(x,v) <b.

In the next figure, the thicker curve is the curve g(x,y) — b; the region to the left and
below this curve is the constraint set g(x,y) < b. The thinner lines are the level sets of the
objective function f.

Note that the highest level curve of f which meets the constraint set meets it at the point
p. Since p lies on the boundary of the constraint set where g(x,y) = b, we say that the
constraint is binding at p. Since the level curves are tangent at p, their gradients Vf and
Vg point in the same direction (the direction that would increase both functions, f and
g), so Vf is a multiple of Vg, or:

vVf(p)-A-vg(p)=0
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We now turn to the analysis of the other case. Suppose that the maximum of f on the
constraint set g(x,y) < b occurs not where g(x,y) = b but at a point where g(x,y) <b.

Level curves of 1

ﬂ;g&wzb

gixysb

The full constraint set g(x,y) < b lies to the left and below this curve. However, this time
the maximum of f occurs at the point q in the interior of the constraint set. There is a
point r on the level set g(x,y) = b where this level set is tangent to a level set of f, but
Vf and Vg point in opposite directions at r. In fact, one can increase the value of f by
moving further into the constraint set from r until one reaches q. Since g(x,v) is strictly
less than b at q, in other words, q is in the interior of the constraint set, we say that the
constraint is not binding at q, and A = 0. Note that the point q must be a local max of f,
that is, a local unconstrained max.

Therefore, we will summarize our criterion that either g(x,y)—b = 0 or A = 0 by requiring
that

A-[g(x,y)-b]=0.
Lagrange Multipliers

Theorem 28. Let a = (ay,a,,...,a;) € R and f:R" >R

max f(x) (3)

st: g1(x)<ay

g(x) < q

Let x*(a) = (x] (a),...,x;,(a)) denote the solution of problem and let A = (A,(a),..., Aj(a)) be
the corresponding Lagrange multipliers. Suppose x; and A; are differentiable functions of
(ay,...,ag) foranyi=1,...,nand j =1,...,1, and that the x* satisfies constraint qualification.
Then, for each j =1,...,1,

A () = 2 f (3 (@), ... % (a)
]
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The above theorem states that the multiplier measures how the objective function eval-
uated at the solution varies with the level of the constraints. Imagine f is the profit of
a firm, x are the n inputs used in production, and a is the availability of each input in
the world. In this situation, the multiplier represents the change in the optimal profit
resulting from the availability of one more unit of input j.

Alternatively, A; tells the maximum amount the firm would be willing to pay to acquire
an additional unit of this input. For this reason, A; is often called shadow price of input

]

Parametric Optimization

Maximum Theorem In this subsubsection, we will deal with optimization problems in
which the constraint set is indexed by a parameter (6) in a determined parameter space
(© C R!). The problem will thus be:

max f(x)

st xeD(0)
The solution to this problem will be a pair (f*, D*) defined by the following sets:

f¥(0) =max{f(x,0): xeD(0)}

D*(0) = argmax{f(x,0): xe€D(0)}

We denote by f*(0) the maximized value function and D*(0) the set of maximizers. The
main result of this subsubsection is The Maximum Theorem, which says basically that if
primitives of a parametric optimization problem possess a sufficient degree of continuity,
then the solutions will also be continuous albeit not to the same degree.

Theorem 29 (The Maximum Theorem). Let S CR" and f : S x© — R be a continuous
function, and D : © — P(S) be a compact-valued, continuous correspondence. Let f*: © — R

and D* — P(S) be defined by:
f5(0) =max{f(x,0): xeD(0)}
D(0)={xeD(0): f(x,0)=f"(0)}
Then

1. f*is continuous on ©, and D" is a USC correspondence.

2. If f(.,0) is concave in x for each 6, and D(0) is convex for each 6. Then, D*(0) is also
convex for each 6.°

3. If f is concave on S x ©, and D has a convex graph, then f* is a concave function, and
D* is a convex-valued USC correspondence!’

9 When “concave” is substituted by “strictly concave”, the D*(0) is a single-valued USC correspondence,
that is, a continuous function.

10 If “concave” is substituted for “strictly concave”, then f* is also strictly concave and D* is single-valued
everywhere, therefore, it is a continuous function.
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Proof

1.

Pick x,, € D*(0,,). By Proposition 9.8, there exists a strictly increasing function
@ € NN such that Xo(m) — X € D(0). We want to show that f*(0) = f(x, ).

Since f is continuous on © x § it is the case that f(xy(u), Op(m) — f(x,6). Suppose
there were x* € D(0) such that f(x*,0) > f(x,0). Since D is LSC at 8, x* € D(0)
and x,(,) — x there is, by Proposition 9.9, a strictly increasing i € NY such that

x:b((p(m)) € D(Oy(¢(m))) such that x:b((P(m)) — x*. It follows by continuity of f that:

lim f )),9¢((p(m))) f(x5,0)> f(x,0) = lim_f(xXy(o(m) Op(p(m))

m—o0 m—o00

But this means that for m large enough we must have that f(xjp((p(m))’ell’((l’(m))) >
[ (xy(g(m)) Op(p(m)) and therefore xy,(m)) € D*(Oy(p(m))), which is a contradiction.

. Let x,x e D*(0) and A € (0,1). Define x" := Ax + (1 — A)x. Since D(0) is convex for any

6 we must have that x’ € D(0). Then,

f(x,0) > Af(x,0)+(1- V)f(%,0)
=Af1(0)+(1=-A)f(0)
=f(0)

We thus conclude that x” € D*(6).

. Let 8,0 € ® and A € (0,1). Define 8’ := A0+(1-1)0. Pick any x € D*(0) and x € D(0).

Let x":= Ax+(1-A)X. Then, since x € D(0) and X € D(0) and D(.) has a convex graph,
we must have that x” € D(0’). Since x’ is feasible, but not necessarily optimal at 6’,
we have by concavity of f:

f1(0) = f(x,07)
= f(Ax+(1 =A%, A0 + (1 - 1)0)
2 Af(x,0)+ ( N (%,0)
= Af*(0)+(1-1)f*(0)
This establishes the concavity of f*. [

Economic Application - Consumer Theory
Suppose a consumer has 1 goods available to be bought. A bundle is thus x = (xq,...,x,) €

R". T

his consumer has some income I > 0 and faces strictly positive prices p = (py,...,p,) €

R?,. Define the budget set for a given income and vector of prices as follows:

B(p,I):={xeRl: p-x<I}

Claim. B(p,I) is continuous, compact, and convex valued.
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Compactness will follow from the fact that p € R}, as we saw in one of the previous
chapters. Continuity and convexity will follow from the linear function defining the cor-
respondence.

Let u : R" — R be a continuous and strictly concave function that we call utility function.
Using v(.) to denote the maximized function, or in an economic language the indirect
utility and x(.) to denote the set of maximizers (or demand function). You will see the
following theorem at some point this year:

Proposition 46. The indirect utility function v(.) and the demand correspondence x(.) have
the following properties

1. v(.)is a continuous function on RxRY, and x(.) is a compact-valued correspondence on
RxRY,

2. v is nondecreasing in I for a fixed p, and nonincreasing in p for a fixed I.

3. If u is concave, then v is quasi-convex in p for a fixed I, and concave in I for a fixed p;
further, x is a convex-valued correspondence.

4. If u is strictly concave, then x is a continuous function.

111



University of Minnesota. Math Refresher Lecture Notes.

Class 19

Problem Set 4

Exercise 1. Suppose f € RP is differentiable and concave. Then, x* € int(D) is a local
maximum of f on D if, and only if, Vf(x*) = 0

Proof. One of the directions was proved before. We focus here on the additional assump-
tion that f is concave. Using one of our characterizations for concave functions

VyeD, f(y)-f(x)<Vfx)y-x)
=0

VyeD, fly)<f(x)

Exercise 2. Let D CR" be an open, convex set, and f : D — R. Prove that f is quasicon-
cave if, and only if

Vf(x)-(y-x)>0, Vx,yeD suchthat: f(y)>f(x)

Proof. We start by (=). Suppose f is quasi-concave and let x,y € D be such that f(y) >
f(x). Then, for all A € [0,1]

flx+ Ay —x) = f((1=A)x+Ay) 2 min{f (x), f ()} = f(x).

Hence,
fEr A=) -f() _,
;) > 0.

Passing to the limit when A — 0:

mﬂxu(zz;x»—f(x) )15 0

To prove (<) assume that:
Vf(x)-(y—x)>0, Vx,peDsuchthat: f(y)>f(x).

Foreach A €[0,1],letzy, = (1-1)x+ Ay and define g : [0,1] — R to be such that g(1) = f(z,).
Notice that g(0) = f(x) < f(y) = g(1). By the chain rule:

gN)=vf(z1)(y—-x), YAe(0,1)
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We claim that if A € (0,1) is such that f(z;) < f(x), then g’(1) = 0. Indeed, f(z,) < f(x) <
f(v) implies that:

Vi(z)) (x—2z))=-AV f(z3)- (y—x) >0
and

Vi(z) (¥ -2) = (1= Vf(z)-(y-x) =0

Hence, Vf(z,)-(y —x) = 0 since A € (0,1) which is the desired result. We now claim that
g(A) > g(0) for all A € (0,1) so that f is quasi-concave. Suppose not, that there exists
a € (0,1) such that g(a) < g(0). Given that g is continuous there must exist 6 € (0, a)
such that g(a) < g(0) < g(0) and g(A) < g(0) for all A € (0, a). Hence, by MVT, there exists
A€ (0,a) with g(a)—g(0) = g'(X)(a —0),s0 g'(1*) <0, a contradiction. O

Exercise 3. Prove the following Proposition.

Proposition 47. Let S be an open and convex subset of R" and f € RS be twice continuously-
differentiable. Fix any x #y € S and define F € R(O!) by:

Vte (0,1), F(t):=f(tx+(1-1t)y)

The function F is twice differentiable on (0,1) and

Vte(0,1), F'(t)=(x-9) [H.](x~)

Proof. Let 6 : [0,1] — co{x,y} be defined by O(t) := tx + (1 — t)y. We have already proved
that

Vte(0,1), F'(t)=Lsou(x-v)

We then deduce that
N , !
lim —[F'(t+€) - F'(t)] = ll_{r(l) E[Lf,Q(He)(x —-¥)=Lrom(x—v)]

e—0 €

This is the directional derivative of Ly at 0(t) in the direction x -y, that is

lim ~[F/(¢ +€)~ F'(6)] = [Le, o, (x = 9)](x— 9) = (x =) [Hy 00 J(x— )

e—0€
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Exercise 4. Prove the Second Mean Value Theorem

Proof. Let F : [0,1] — R be defined by F(t) := f(tx+ (1 —t)y). Note that F is twice con-
tinuously differentiable on (0,1). Applying the “Baby” Second MVT, there exists ¢ € (0,1)
such that

F(1) = F(0) + F'(0) + %F”(c)

But this is the same as

Fx) = F) = VF(9)-(x=9) + 5 (6= )T TH L] - p)

Where z := cx + (1 — c)y belongs to co{x, y} \ {x, v} O]

Exercise 5. Let x* be a solution for the canonical NLP problem. Prove that if the full
rank condition holds, then x* satisfies constraint qualification.

Proof. Suppose that x* does not solve the linear programming problem that defines con-
straint qualification, that is, there exists ¥ € R"” such that

vgi(x') (£-x")=0 j=1,..k
VI(x)-(x—x)>0

Since Vg(x*) has full rank, the matrix equation vg(x*)h = 1, where 1 is a vector of ones,
has a solution h. Let x(t) = X+ th, with t € [0, 1]. If t > O:

Vgi (x") - (x(t) =x") = (1 = t)Vg; (x7) - (X = x") +tVg; (x') - h >0

>0 >0

forall j=1,...,k. Now note that t € (0, 1] implies
V() (x(t)=x") = (1 =t)Vf (x7) - (X =x") +tV [ (x7) - b,

>0

and so Vf(x¥)- (x(t) —x¥) > 0 if ¢ is sufficiently close to zero. Let ¢; be one such value of ¢.
In this case, by the Chain rule,

T, X rax(t)=x)) =Vg(x)-(x(t)-x7)>0

a=0

forj=1,...,kand

(v vale(t) )| =VF @) (el)-x) >0

a a=0

Thus, g(x*+ a(x(t;)—x")) > 0and f (x"+ a(x(t;) —x7)) > f (x*) if « is sufficiently small. To
finish, observe that X is open, g;(x*) > 0 for j > k, and g is continuous. Reducing a even
further if necessary, we then have that x* + a (x(t;) —x") € X and g(x" + a (x(t;) —x")) > 0,
but f (x*+a(x(t;)—x")) > f (x*). Hence, x* is not a solution to (NLP). O
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Exercise 6.

1. Let f and g be both C?(R?) defined by f(x,y) = —(x*> +v?), and g(x,v) = (x - 1)> - p2.
Is it possible to find:
max f(x,p)

st: g(x,y)>0

using the Kuhn-Tucker characterization? Explain.
2. Let f(x) = 2x®>-3x% and g(x) = (3 - x)>. Consider the problem:
max f(x)

st: g(x)>0

Is it possible to find the maximum using KT characterization? Explain.

3. Let f(x) = x> —x and g(x) = x. Consider the problem:
max f(x)

st: g(x)>0

Is it possible to find the maximum using KT characterization? Explain.

4. Let f(x,v) =x+y and g(x,v) = xy — 1. Consider the problem:
max f(x)

st: g(x)>0

Is it possible to find the maximum using KT characterization? Explain.

Proof. See Sundaram’s book (Chapter 6). More specifically examples 6.7-6.9 N
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